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ABSTRACT
We investigate a pseudo-seismic approach based on the so-called inverse Q-transform
as an alternative way of processing transient electromagnetic (TEM) data. This tech-
nique transforms the diffusive TEM response into that of propagating waves obeying
the standard wave-equation. These transformed data can be input into standard seis-
mic migration schemes with the potential of giving higher resolution subsurface im-
ages. Such images contain geometrical and qualitative information about the medium
but no quantitative results are obtained as in model-based inversion techniques. These
reconstructed images can be used directly for geological interpretation or in further
constraining possible inversions. We extend the original Q-transform based on an
electrical-source formulation to the case of a large-loop TEM source. Moreover, an
efficient discrete version of the inverse of this modified Q-transform is presented using
a regularization method. Application of this inverse transform to the measured TEM
responses gives the corresponding pseudo-seismic data, which are input into a 3D
migration scheme. We then use a 3D boundary element type of Kirchhoff migration
to ensure high computational efficiency. This proposed method was applied to both
synthetic data as well as field measurements taken from an engineering geology sur-
vey. The results indicate that the resolution of the TEM data is significantly improved
when compared with standard apparent-resistivity plots, demonstrating that higher
resolution 3D transient electromagnetic imaging is feasible using this method.

Key words: Transient electromagnetic field, Pseudo-seismic field, Inverse Q-
transform, Kirchhoff integral method, 3D TEM imaging.

INTRODUCTION

The transient electromagnetic (TEM) method has been widely
used in connection with grounded source exploration (Gun-
derson, Newman and Hohmann 1986), subsurface target
mapping (Cheesann, Edwards and Chave 1987; Xue, Song
and Yan 2004; Xue, Elzein Mohammed and Guo 2010; Xue,
Yan and Cheng 2011a; Xue, Yan and Li 2011b) and tunnel
prediction (Xue et al. 2007a). However, the resolution associ-
ated with the conventional TEM survey is relatively low com-
pared with that of seismic methods. Recently pseudo-seismic
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transformation techniques have been developed to make the
use of imaging techniques such as migration feasible. This
again implies that the data can be mapped into a higher res-
olution electrical structural model in a rather quick manner.
Fast qualitative imaging is important for in-field processing
and makes it possible to change recording strategies while
surveying. It can be easily applied to large data sets as part
of a standard processing procedure and can serve as well-
constrained geometrical input for further inversions.

Pseudo-seismic imaging of magnetotelluric (MT) data was
first investigated by Levy, Oldenburg and Wang (1988). How-
ever, the use of pseudo-seismic imaging within TEM has not
been reported much in the literature. The main challenge is to
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develop a technique that transforms the diffusive time-domain
TEM field into a pseudo-seismic wavefield that obeys a reg-
ular wave equation. Lee and McMechan (1987) and Lee, Liu
and Morrison (1989) derived a forward transform, referred
to as the Q-transform, which relates the pseudo-seismic wave-
field to the corresponding diffusive field within an electrical
source formulation. Li, Xue and Song (2005) and Xue, Yan
and Lie (2007b) developed a modified Q-transform to include
the case of a large-loop TEM source and introduced its opti-
mized inversion counterpart. Use of this inversion algorithm
makes it feasible to stably transform the TEM field into its
corresponding pseudo-wavefield. After such a data transform,
sophisticated imaging techniques originally developed for seis-
mic exploration can now be applied (Xue 2011b). This implies
that the TEM technique will have the potential of producing
higher resolution geometrical images of complex geological
media than those obtained from the direct use of diffusive
data without applying more advanced inversion approaches.

Zhdanov and his colleagues (Zhdanov 1988; Zhdanov, Ma-
tusevich and Frenkel 1988; Zhdanov and Keller 1994; Zh-
danov, Traynin and Booker 1996; Zhdanov and Portniaguine
1997) formulated a different approach to migrating low-
frequency diffusive EM fields. Their formulation was based
on inversion of the residual field (e.g., difference between
measured and modelled fields) under a minimum-energy flow
condition.

In this paper, we focus on the migration of TEM data by us-
ing the extended Q-transform as proposed by Li et al. (2005)
and Xue et al. (2007b) in combination with 3D Kirchhoff mi-
gration. The actual implementation of the imaging technique
is based on a 3D boundary element approach to increase the
computational speed. The proposed formulation was applied
to both synthetic and real TEM data. It demonstrates the po-
tential of giving higher resolution images of the geoelectric
subsurface.

In the following, we first provide a brief description of a
TEM field system. Next, we introduce the theory behind the
pseudo-seismic transformation. We derive an imaging for-
mulation based on the Kirchhoff method that can handle
TEM pseudo-wavefields. We then demonstrate the concept of
pseudo-seismic imaging of TEM data by applying the method
to both 3D synthetic and field data sets. We compare the clas-
sical apparent resistivity results with our pseudo-seismic TEM
images and demonstrate the superior quality of the latter in
terms of resolution. We conclude by a brief discussion on
the limitations of the proposed method, namely, the pseudo-
seismic imaging approach is able to give higher resolution ge-
ometrical and qualitative reconstructions of the subsurface. If

Figure 1 Sketch of a TEM field system.

more precise quantitative results are to be obtained, inversion
techniques must be applied.

BACKGROUND OF T HE TRANSIENT
ELECTROMAGNETIC F IELD SYSTEM
AND M ETHOD

The central-loop TEM system consists in a transmitter loop
and a receiver coil placed at the centre (Fig. 1). The transmit-
ter loop is typically square and has 100–800 m side length.
The transmitter current can vary from 1 Amps to as high
as 400 Amps and commonly employs a ramp-off waveform.
The rapid turn off of the current induces eddy currents in
the ground, which in turn produce a secondary magnetic field
measured by the receiver coil. The eddy currents diffuse as
‘smoke rings’ with time when the ground is homogeneous
or layered. As time passes by, the current diffuses with dis-
tance at a rate that is related to the resistivity of the ground
(Nabighian 1979; Kaufman and Keller 1983; Asten and Price
1985; Christiansen, Auken and Sørensen 2006).

Standard processing of large-loop TEM data involves trans-
forming the recorded decay curves to apparent resistivity ρa .
This quantity is derived from the late-time approximation
of the impulse response as follows (Nabighian and Macnae
1991):

ρa(t) =
{

π (μ0/t)5 r8

400

∣∣∣∣ I
U(t)

∣∣∣∣
2
}1/3

, (1)

where I is the transmitter current in Ampere, U is the mea-
sured voltage in Volt, t represents time in seconds, μ0 is the
permeability of the vacuum and r is the loop radius in metres
(the loop area has to be converted into an equivalent circular
area).

Apparent resistivity values calculated from equation (1)
have the unit ohm-m and their variation with time defines the
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apparent resistivity curve that can be employed to estimate the
resistivity variations of the underground structure. However,
this curve can not reveal clearly the geological boundaries be-
cause an apparent resistivity definition is a data normalization
operation to convert the measured field quantities to a more
understandable form of material resistivities. This fact has
motivated the development of data interpretation approaches
such as inversion and the pseudo-seismic imaging of TEM data
presented in this paper. The inversion to recover resistivity
distribution is a quantitative approach but is computationally
expensive and can be time consuming. A migration approach,
on the other hand, can be highly efficient and yield the de-
sired structural information about the subsurface. Such an
approach would be comparable to seismic migration, which
can give higher resolution images of the subsurface from a
qualitative and geometrical point of view.

WAVEFIELD T R A N SFOR MA T I ON
OF THE TRANSI E N T ELEC T R OMA GN ETIC
F IELD

In this section we present the basic theory of the TEM-
modified inverse Q-transform. Within an electrical source for-
mulation, Lee and McMechan (1987) and Lee et al. (1989)
established a relationship (Q-transform) between the pseudo-
wavefield and the electric field intensity E(t) that obeys the
time-domain diffusion equation. By an analogy with this ap-
proach, it should also be possible to obtain the correspond-
ing relationship between the pseudo-wavefield and the time-
domain transient magnetic field response from a large-loop
TEM source. The derivation of the relationship between these
two types of fields is given in Appendix A and leads to the
following TEM-type of Q-transform:

Hm(x, y, z, t) = 1

2
√

π t3

∞∫
0

τ exp[−τ 2/4t]U(x, y, z, τ )dτ, (2)

where Hm(x, y, z, t) is a component of the TEM field,
U(x, y, z, τ ) represents the corresponding pseudo-wavefield
and τ is the ‘pseudo-time’ of the pseudo-wavefield that is re-
lated to the actual time t of the TEM field. The discrete form
of the above integral can be written as

Hm(x, y, z, ti ) =
n∑

j=1

U(x, y, z, τ j )a(ti , τ j )hj ,

a(ti , τ j ) = 1

2
√

π t3
i

τ j exp
[−τ 2

j

/
4ti
]
, (3)

where a(ti , τ j ) is the kernel function that attenuates rapidly
with increasing pseudo-time τ and hj are the integral coeffi-
cients that will be determined.

By setting U(x, y, z, τ ) = 1 in equation (2) and introducing
the same discrete representation as in equation (3), the integral
will take the value (Anderson 1979)

n∑
j=1

a(ti , τ j )hj = 1√
π ti

. (4)

The integral coefficients can now be computed from equation
(4) for a given choice of a set of τ j ( j = 1, 2, ..n). However,
since the time range of the TEM data is wide, each decay curve
is divided into seven time ranges (gates) that are nearly equal
on a logarithmic scale. These time intervals are (in ascending
order): 32.5–80.0 μs, 80.0–325.0 μs, 325.0–800.0 μs, 800.0
μs – 2.4 ms, 2.4–8.7 ms, 8.7– 27.0 ms and 27.0–81.0 ms. For
every time window the dimension n in equation (3) is selected
as 20, thus 20 integral coefficients are obtained by solving
equation (4). For further details about the integral coefficients
the reader is referred to Table 1 in Xue et al. (2007b).

Having obtained these coefficients the pseudo-seismic
wavefields are reconstructed from an inversion of equation
(3) by the use of a combined optimization and regularization
algorithm (see Appendix B for more details).

3D TRANSIENT ELECTROMAGNETIC
PSEUDO-WAVE EQUATION IMAGING

It can be realized to transform the TEM field into its
corresponding pseudo-wavefield by using an inverse Q-
transformation algorithm and accordingly, a Kirchhoff in-
tegral of the TEM pseudo-wavefield can be developed for
seismic data processing.

Kirchhoff integral of the transient electromagnetic
pseudo-wavefield

The propagation of the pseudo-wavefield U in the subsurface
that obeys a scalar wave equation can be described by:

∇2U − 1
v2

∂2U
∂t2

= 0, (5)

where v is the wave velocity.
Consider a closed 3D volume � defined by the bound-

ary Q = Q0 + Q1 where Q0 represents the portion of the
boundary where the measurements are taken, i.e., the surface
of the earth and Q1 defines an artificial semispherical sur-
face, as shown in Fig. 2. Letting the radius of the surface Q1

C© 2013 European Association of Geoscientists & Engineers, Geophysical Prospecting, 61 (Suppl. 1), 561–571



564 G.Q. Xue et al.

Figure 2 Region and boundary for downward extrapolation.

approach infinity, the pseudo-wavefield will take negligible
values on this surface due to its asymptotic behaviour. If the
pseudo-seismic scattered wavefields, U, on the surface, Q0,

are known, the corresponding upward travelling wavefields,
w at an arbitrary depth position, ⇀r can be computed from
the Kirchhoff-Helmholtz back propagation formula (Schnei-
der 1978):

w

(
⇀r , t − R

v

)
= − 1

4π

∫
Q0

∫ { [
U(r̄ ′, t)

] ∂

∂n

(
1
R

)

− 1
R

[
∂U(r̄ ′, t)

∂n

]
− 1

vR
∂r
∂n

[
∂U(r̄ ′, t)

∂t

]}
dr̄ ′,

(6)

where ∂/∂n represents the derivative of the normal vector
pointing outward and R = |⇀r − ⇀r ′| is the distance between a
subsurface point and a point on the measurement surface. The
downward extrapolation formula in equation (6) can alterna-
tively be written in the form

w(⇀r , t) = − 1
4π

∫
Q0

∫ {[
U
(
r̄ ′, t + r

v

)] ∂

∂n

(
1
R

)

− 1
R

⎡
⎢⎣∂U(r̄ ′, t + r

v
)

∂n

⎤
⎥⎦−1

vR
∂r
∂n

⎡
⎢⎣∂U(r̄ ′, t + r

v
)

∂t

⎤
⎥⎦
}

dr̄ ′,

(7)

where in the case of a layered subsurface model, the velocity
v represents an RMS-average (or NMO-type) of the wave
velocity by an analogy with seismic waves. A 3D boundary
element solution of the integral in equation (7) is difficult to
obtain in the seismic case since the vertical gradient ∂u/∂n

can usually not be measured. However, in the case of TEM a
gradient probe can be used.

A final image of the subsurface can be obtained by imposing
a boundary condition. If a scatterer (or reflector) exists at
a given subsurface location, the incident field and the time-

reversed field must coincide in time. This can mathematically
be described as a zero-lag cross-correlation between the two
fields (Claerbout 1976):

image(⇀r ) =
∫

Hi (
⇀r , t′)w(⇀r , t′)dt′, (8)

where Hi is the modelled pseudo-seismic source (incident)
field.

Boundary element method of wavefield continuation

It is easier to acquire vertical-gradient data in a TEM survey
than a seismic exploration survey. Thus, the TEM wavefield
transformed data can be downward extrapolated employing a
3D curved surface formulation. In order to solve integrals (7)
over curved surfaces, the boundary element technique proves
to be numerically efficient. This section will briefly discuss the
implementation of the downward continuation in equation
(7)) by employing the boundary element method (Li et al.
2005).

First, the boundary Q0 should be divided into NT elements
so that equation (7) can be expressed as a summation over a
series of element integrals:

w(x, y, z, t) = − 1
4π

∑
α=1,NT

∫ ∫
	α

{
∂

∂n

(
1
R

)
− 1

R
∂

∂n

− 1
vR

∂r
∂n

∂

∂t

}
Uα

(
ξ, η, ζ0.t + R

v

)
d	α. (9)

The boundary is discretized using triangular elements. As
the element 	α is generally small, one may approximate the
pseudo-wavefield U with linear interpolation:

Uα =
3∑

γ=1

ξαγ Uγ , (10)

where Uγ represents the pseudo-wavefield at each of the three
vertices, or nodes, of the triangular element and ξαγ , γ =
1, 2, 3 represent the corresponding linear shape functions (Mi-
geot et al. 2000).

Note first that ∂ R
∂n = cos(R̂ · n), where R̂ represents a unit

vector along the direction of the distance R and n represents
the vertical direction of 3D volume boundary. Making use
of this result combined with equation (10), we can obtain an
alternative form of equation (9):

w(x, y, z, t) = 1
4π

NT∑
α=1

⎡
⎣ 3∑

γ=1

(
fαγ Uγ + dαγ

∂Uγ

∂n
+ cαγ

∂Uγ

∂t

)⎤⎦,

(11)
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Figure 3 Three-layer geoelectric test model (ρ1 = 50 ohm-m, ρ2 =
500 ohm-m, ρ3 = 5000 ohm-m, and h1 = 100 m, h2 = 200 m).

where

fαγ =
∫
	α

∫
ξαγ

cos(R̂ · n)
R2

d	α, dαγ =
∫
	α

∫
ξαγ

1
R

d	α,

cαγ =
∫
	α

∫
ξαγ

cos(R̂ · n)
vR

d	α.
(12)

The double summation in equation (11) can be seen as a
loop over all the elements including a loop over the nodes
belonging to each element. As shown by Migeot et al. (2000)
this double sum can be permuted and replaced by a loop over
all the nodes (n) including a loop over the elements in contact
with that node (Nα):

w(x, y, z, t) = 1
4π

n∑
γ=1

[
Nα∑
α=1

(
fαγ Uγ + dαγ

∂Uγ

∂n
+ cαγ

∂Uγ

∂t

)]

= 1
4π

n∑
γ=1

[
Fγ Uγ + Dγ

∂Uγ

∂n
+ Cγ

∂Uγ

∂t

]
. (13)

Finally, we assume that the nodes coincide with the actual
measurement points so that the quantities are all known from
the TEM experiment.

MODEL S IMULATIONS

In order to verify the feasibility of the proposed imaging
method, we apply it to two synthetic data sets. First, a three-
layer 1D geoelectric earth model was employed with param-
eter values (resistivity and thickness) as follows: ρ1 = 50

Figure 4 Results from 1D model simulation: (a) Secondary voltage decay curve. (b) Apparent resistivity-depth curve. (c) Apparent resistivity
pseudosection. (d) Kirchhoff image based on pseudo-wavefield transformed TEM data.
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ohm-m, ρ2 = 500 ohm-m, ρ3 = 5000 ohm-m and h1 =
100 m, h2 = 200 m (cf. Fig. 3). In the calculations a square-
transmitter-loop of 200 m and a total of 11 survey lines (pro-
files) were assumed. Each survey line consists in 11 evenly
spaced receivers (20 m apart) and the width of the time record-

ing window was set to 32.5 μs–8.7 ms. The decay curves of
the central-loop system corresponding to every survey point
for this model have been calculated using software we imple-
mented based on the method presented by Anderson (1979)
and Asten et al. (1985) and are shown in Fig. 4(a). Conversion

Figure 5 Results from 3D model simulation: (a) Test model including a 3D low-resistivity body. (b) Modelled apparent resistivity pseudosection.
(c) Pseudo-transformed wavefields corresponding to all profiles and interpolated within a 3D cube. s1/2 is the time unit of pseudo-transformed
wave-field travel time.
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Figure 6 Map of the case-study area including survey layout.

to apparent resistivity as a function of time was obtained by
use of equation (1) and conversion from time to depth (D) by
using the following formula (Spies 1989):

D(ti) =
√

ρat
2μ0

. (14)

The corresponding apparent resistivity-depth curve is
shown in Fig. 4(b). By calculating such curves for each re-
ceiver point along a given survey line and then interpolating,
we obtain the result shown in Fig. 4(c). From this figure, it can
be seen that the true geoelectric interfaces are not well imaged.
Next, the same data were transformed to their pseudo-seismic
equivalent before being input into the Kirchhoff time migra-
tion. A velocity analysis analogous to seismic processing was
carried out to obtain the background velocity field. The final
calculated result is shown in Fig. 4(d) represented by three
vertical slices through the 3D imaged volume. The two geo-
electric interfaces are now well recovered and also placed at
the right depth.

Figure 7 (a) Apparent resistivity pseudosection for survey line 0 (centre profile). (b) Corresponding pseudo-transformed wavefield response.
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The second example represents a more realistic case involv-
ing a 3D conductive body embedded in a three-layer geo-
electric background (cf. Fig. 5a). The parameters for the 1D
layered background were chosen as: ρ1 = 100 ohm-m, ρ2 =
300 ohm-m, ρ3 = 200 ohm-m, h1 = 100 m and h2 = 10 m.
The second layer acted as the host layer for a 3D rectangular
body with a thickness of 10 m, in-line dimension of 50 m and
a cross-line dimension of 100 m. The resistivity of this body
was set to 5 ohm-m. A total of 15 survey lines (20 m inter-
val between each profile) were simulated and for each line 15
evenly spaced receiver positions (10 m apart) were assumed.

The apparent resistivity variation with depth correspond-
ing to the centre profile is shown in Fig. 5(b). The lateral
extent of the 3D target is well resolved but the vertical res-
olution is rather poor due to the diffusive character of the
TEM field. Hence, the top and bottom of the body cannot
be easily identified. Next, the synthetic TEM data set was
transformed to its pseudo-wavefield form. By interpolating
the pseudo-wavefields corresponding to each survey line the
3D cube shown in Fig. 5(c) could be constructed. The top and
bottom of the 3D target is now well recovered and also its
lateral extent. The actual migration is not shown here since it
will virtually give the same type of result since all structural
interfaces are horizontal.

APPLICATION T O FI E LD DA T A

We now apply our method to the processing of TEM data ac-
quired in a mine safety application. It is well-known that many
types of geological hazards exist in connection with mining.
The hazards can occur in excavated areas, collapsing rock
columns and isolated water bodies. The case study presented
here was carried out at a coal mine in the Shanxi Province
in China (cf. Fig. 6 showing a map and corresponding survey
lines). The main purpose of the survey was to identify possible
water-filled excavated regions in order to avoid an accident
of water flooding during the current mining process.

The upper surface of the survey area is characterized by
Quaternary loess with a thickness of no more than 20 m. The
underlying strata consist of mainly Tertiary gritstone layers,
Permian sand-mudstone intercalated by coal layers, Carbonif-
erous sand-mudstone intercalated by coal layers and Ordovi-
cian limestone layers. Two main coal seam distributions exist
in this area located at approximately 140 m and 260 m in
depth respectively. Differences in resistivity between the dif-
ferent geological strata are small overall, except in areas that
have already been excavated. In such regions the change in the
stress situation causes the roof of the mined-out area to deform

Figure 8 Kirchhoff image of the underground in the survey area.

and fracture. The creation of fault and bending zones leads to
groundwater filling as well as leakage of water seeping from
the surface along the cracks. As a consequence excavated re-
gions after being water-filled will form low-resistance bodies
that differ from the surrounding rock strata.

A central-loop configuration was employed in the current
working area, the side length of the transmit loop was chosen
to be 200 m and the line spacing was 20 m. The distance be-
tween each measurement point for a given line was also 20 m.
The number of time gates was 40 with a time range between
0.087–10 ms. The employed instrument was a V8-network
multi-function TEM system provided by the Canadian com-
pany Phoenix Geophysics Limited.

Figure 7(a) shows a contour plot of the apparent resistiv-
ity as a function of depth for survey line 0 (the centre survey
line as shown in Fig. 6). Due to the diffusive TEM response
this ‘image’ is rather smeared and it can be difficult even for
a skilled interpreter to identify possible geoelectric interfaces.
However, after applying the pseudo-wavefield transform to
the TEM data associated with the same survey line, the re-
sults shown in Fig. 7(b) were obtained. Three main events can
now be identified: a shallow high-resistance layer and two ad-
ditional interfaces. After pseudo-transformation of all survey
lines followed by 3D Kirchhoff migration, a 3D cube of the
geological structure can be constructed after interpolation as
shown in Fig. 8. Figure 9 shows an interpreted section corre-
sponding to a vertical slice through the centre of the imaged
3D cubes (note that the vertical axis here represents altitude
in metres and not directly depth). The two mined-out layers
are assumed water-filled giving rise to the high-conductance
response at altitudes of about 1100 m and 1010 m. This inter-
pretation was later verified by drilling, demonstrating a high
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Figure 9 Interpretation based on a vertical slice through the centre of the image cube. The validity of this interpretation was later verified by
drilling (well location given in the figure).

correlation with the actual geological findings and at the same
time proving the effectiveness of the proposed qualitative tech-
nique.

CONCLUSIONS

By using an inverse TEM type of Q-transform, diffusive TEM
field measurements can be converted to pseudo-wavefield
data. The essence of this transform is to remove or dampen
the dispersion and attenuation effects inherent in the recorded
EM waves and enhance the propagation characteristics. These
transformed data can be input into seismic migration in order
to obtain images of the electric earth model. The feasibility of
this data processing strategy was demonstrated in this paper
by employing a 3D Kirchhoff-Helmholtz type of migration.

The performance of the proposed technique was tested on
both synthetic TEM data and actual field recordings and
produced good results. Compared with standard apparent-
resistivity profiles, this new approach represents a feasible
and practical way to increase the resolution capability of the
TEM technique. Also, this new method can be used directly
to fast imaging an underground 3D interface and there is
no need to guess geo-electrical parameters as in normal 1D
inversion
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APPENDIX A

DERIVATION OF THE PSEUDO-WAVEFIELD
(Q)-TRANSFORM VALID FOR TEM DATA

Neglecting the displacement current in the conductive earth
medium, the TEM magnetic field will satisfy the following
diffusion equation:

∇ × ∇ × Hm(r, t) + μσ
∂

∂t
Hm(r, t) = 0. (A1)

By resemblance with equation (A1) introduce the potential
function U(r, τ ) that satisfies the following wave equation:

∇ × ∇ × U(r, t) + μσ
∂2

∂t2
U(r, t) = 0, (A2)

where the independent variable τ has the unit of the square
root of time and the potential function U(r, τ ) represents a
wavefield propagating with a velocity of 1√

μσ
.

After a Laplace transformation, equations (A1) and (A2)
take the form

∇ × ∇ × Ĥ(r, s) + μσ s Ĥ(r, s) = 0, (A3)

∇ × ∇ × Û(r, p) + μσ p2Û(r, p) = 0, (A4)

where,

Ĥ(r, s) =
∫ ∞

0
Hm(r, t)e−stdt and Û(r, p) =

∞∫
0

U(r, t)e−ptdt.
(A5)

Assume now thats = p2, so that equation (A3) becomes

∇ × ∇ × Ĥ(r, p2) + μσ p2 Ĥ(r, p2) = 0. (A6)

Direct comparison between equations (A4) and (A6) gives:

Ĥ(r, p2) = Û(r, p). (A7)

Omitting the space variable r without any loss of general-
ity and stating the Laplace transformation explicitly gives an
alternative form of equation (A7):∫ ∞

0
Hm(t)e−p2tdt =

∫ ∞

0
U(τ )e−pτ dτ. (A8)
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Because s = p2 this latter equation can be further simplified
as∫ ∞

0
Hm(t)e−stdt =

∫ ∞

0
U(τ )e−√

sτ dτ. (A9)

Finally, by taking an inverse Laplace transform on both
sides of equation (A9) the following transformation from a
(pseudo-)wavefield to a time-domain diffusive field can be
obtained (Zhdanov 1988) :

Hm(t) = 1

2
√

π t3

∫ ∞

0
τe−τ2/4tU(τ )dτ . (A10)

In equation (A10), Hm(t) now represents the TEM data and
U(τ ) the corresponding pseudo-seismic data.

APPENDIX B

REGULARIZATION METHOD

Equation (3) can be cast into the form of a matrix equation:

⇀
h = A⇀u, (B1)

where
⇀
h = (Hm,i )n and ⇀u = (Uj )n are values of the TEM field

and the pseudo-wavefield, respectively and A is the coefficient
matrix.

The solution of equation (B1) is unstable and ill-posed and
Tikhonov regularization should be employed. First by rewrit-
ing equation (B1) as follows:

(AT A) · ⇀u = AT ⇀
h, (B2)

its regularized form can be stated as

(AT A+ α(δ)I) · ⇀u = AT ⇀
h, (B3)

where AT is the transposed coefficient matrix, I is the unit
matrix and α(δ) is the regularization parameter with δ repre-
senting the error between the computed and measured data.

Since the integration of equation (3) is divided into seven
separate time intervals, the corresponding regularization pa-
rameter is then first found for each of these intervals. Ac-
cording to the regularization theory the parameter α(δ) can be
determined based on the deviation method (Groetsch 1984;
Schock 1984; Gfrerer 1987). The formula describing the de-
viation error can be written as:

�η(α) = ϕ(α) − (δ + ζ ‖U‖)2, (B4)

where ϕ(α) = ‖AU − F‖2 is the squared error between the
measured and modelled data. Quantities δ and ζ are the per-
turbation errors of respectively equation (B4) and the coeffi-
cient matrix A. An optimal solution can be achieved by di-
rectly setting the above error deviation to zero, which is

�η(α) = ϕ(α) − (δ + ζ ‖U‖)2 = 0. (B5)

Equation (B5) can be solved by using the Newton iterative
method (Groetsch 1984; Schock 1984; Gfrerer 1987). That is,
we expand equation (B5) into a Taylor series around the αk

point (kth iteration),

�η(α) = �η(αk) + �′
η(αk)�αk = 0. (B6)

where �′
η(α) is the first-order derivative of �η(α).

For a given initial value α0 > 0 the following iterative New-
ton formulation can be established

αk+1 = αk + �αk = αk − �η(αk)
�′

η(αk)
, k = 0, 1, 2, . . . , n, (B7)

where �αk represents the iteration step size. A suitable choice
of the initial value will cause equation (B7) to converge quite
rapidly.

After having determined the set of regularization param-
eters, equation (B3) is used to find the corresponding least-
squares solution for the complete pseudo-seismic wavefield
(Xue et al. 2007b).
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