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We develop a Fortran package with high programming optimization and parallel com-
puting for simulating high-frequency ( > 1 Hz) teleseismic wavefields using a hybrid
numerical method that couples the finite-difference (FD) and frequency–wavenumber
(FK) methods. This method can simulate the interactions of incoming teleseismic wave-
fields with local heterogeneities but reduce computational region to a much smaller
localized domain, which can significantly reduce the computing cost of the high-fre-
quency teleseismic wavefields. The local heterogeneities are allowed to vary arbitrarily
in a localized heterogeneous domain. In this package, the geographical locations of
earthquakes are permitted, which can consider the real azimuthal effect of the source.
Numerical benchmark tests first demonstrate the effectiveness of the developed
method for P- and S-wave receiver functions (RFs). The consistent travel times of syn-
thetic and theoretical RFs phases demonstrate its high accuracy. Application on a dense
array generally obtains consistent RFs profiles with observed ones and successfully
reproduces the observed common-converted-point (CCP) stacking image, which further
verifies the effectiveness of the presented method. In addition, statistics of the time-
consuming of typical models illustrate the high efficiency of this package, which needs
very little computing resources even to be feasible on a laptop.

Introduction
Receiver function (RF) has been an indispensable tool for
imaging the structures of Earth’s interior (Langston, 1979;
Ammon, 1991). The resultant images provide crucial evidence
for the tectonic evolution and internal geodynamic processes of
the Earth. RF has been applied routinely to study crustal and
upper-mantle structures, such as basins, Moho, subduction
zones, lithosphere–asthenosphere boundary (LAB), and man-
tle transition zones (Zhu and Kanamori, 2000; Chen et al.,
2009; Nábelek et al., 2009; Fischer et al., 2010; Zhong and
Zhan, 2020). RF imaging relies mainly on teleseismic records
for those regions with low seismicity. In regions with complex
structures and thick sedimentary basins, RF image needs com-
prehensive synthetic experiments to verify the reliability of the
results which requires a large number of numerical simulations
of teleseismic wavefields (Zhao et al., 2015). Because numerical
simulations of seismic waves below the period of 8 s at globe
scale are still computationally prohibitive (Komatitsch et al.,
2005), it is challenging to simulate high-frequency (>1 Hz)

teleseismic wavefields recorded at stations from a distant
seismic source by incorporating them in a unified model.
Therefore, a hybrid method is usually adopted to simulate
high-frequency teleseismic wave propagation in heterogeneous
media. This approach couples a localized 2D or 3D numerical
simulation solver with a fast and efficient analytical, semian-
alytical, or numerical 1D solution on the interfacing boundary,
which can simulate seismic wave propagation in complex
heterogeneous media while drastically reducing the computa-
tional demand (Robertsson et al., 1996; Opršal et al., 2002;
Monteiller et al., 2013, 2020; Tong, Chen, et al., 2014; Tong,
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Komatitsch, et al., 2014). The assumption behind the hybrid
method is that only 2D/3D effects inside the heterogeneous
domain matter, whereas 2D/3D effects outside the domain
are negligible, and only 1D incident wavefield of solution
to either 1D layered model or 1D spherical earth model is
computed (Tong, Chen, et al., 2014; Tong, Komatitsch,
et al., 2014).

The idea behind the hybrid methods of seismic wavefield sim-
ulation can be traced back to the work of accurately dealing with
the singularity of seismic sources (Alterman and Karal, 1968).
Usually, the hybrid methods allow to compute seismic wavefields
in elastic/anisotropic media containing a complex local structure
embedded in a large, but considerably simpler, regional/global
structure (Opršal et al., 2002). These methods are implemented
in two successive steps. In the first step, a fast and efficient ana-
lytical, semianalytical, or numerical method is adopted to calcu-
late the wavefields excited by a distant source in a 1D background
medium without localized geological structures, which contains
the source and path effects. The time history of these incident
wavefields is recorded at the boundary of an excitation box,
which encloses a small portion of the computational domain
with 2D/3D heterogeneities, to simulate responses of a reduced
region with localized heterogeneities and large velocity contrasts
to earthquake ground motion in the second step. Shtivelman
(1984, 1985) first adopted this idea to develop a hybrid method
for wavefield computation in 2D heterogeneous media by com-
bining analytical and numerical techniques. Then, engineering
seismologists developed a hybrid method by coupling the modal
summation and the finite-difference (FD) method to simulate
the response of buildings, basins, and soil–structure interactions
to large earthquakes for hazard assessment (Bielak and
Christiano, 1984; Fäh and Suhadolc, 1994; Fäh et al., 1994;
Bielak et al., 2003). Subsequently, many variants of hybrid meth-
ods combining different methods were developed (Ma and Zhu,
2004; Ma et al., 2004; Wang and Tian, 2005; Galis et al., 2008).

A two-side (source and receiver sides) hybrid method by
combining generalized ray theory (GRT) and the FD method
to simulate strong ground motion (Wen and Yao, 1994, 1995)
and to consider localized structures near the core-mantle
boundary (Wen and Helmberger, 1998) was developed.
Following the work of Wen and Helmberger (1998), Zhao
et al. (2008, 2014) developed an FD–GRT hybrid method to
calculate synthetic seismograms in 2D heterogeneous and
anisotropic media. Robertsson et al. (1996) developed a hybrid
method that couples a Gaussian beam method and the FD
method to study the ocean acoustic problems, and compared
with the Jeffreys-Wentzel-Kramers-Brillouin (JWKB) (Jeffreys,
1924; Wentzel, 1926; Kramers, 1926; Brillouin, 1926) approxi-
mation method and full FD simulation. Besides, the discrete-
wavenumber (DW) method (Zahradník and Moczo, 1996) and
pseudospectral (PS) method (Huang and Shih, 1997) coupling
with the FD method were also developed, respectively. To deal
with the free-surface topography, Moczo et al. (1997)

presented a hybrid method based on a combination of the
DW, FD, and finite-element method (FEM), in which the
DW method was adopted to calculate wave propagation in
the 1D background medium, whereas the FD–FEM algorithm
was used to compute the wave propagation for inclusion of
topography. In theory, Robertsson and Chapman (2000) sum-
marized the principle of hybrid methods, they called the algo-
rithm behind the hybrid methods as the wavefield injection
technique. Inspired by this theoretical insight, the simulations
of distant earthquake ground motion were also carried out by
using 3D hybrid methods of FD–Ray, FD–DW, and FD–FEM
(Opršal and Zahradnik, 2002; Opršal et al., 2002, 2005;
Yoshinmura et al., 2003). For full waveform teleseismic tomog-
raphy, Roecker et al. (2010) coupled a 2D spectral domain FD
method with a plane-wave propagation through a 2.5D elastic
medium. Recently, Ma et al. (2018) and Meng et al. (2021)
developed a hybrid method by coupling the frequency–wave-
number (FK) and time–space-optimized symplectic method
for numerically solving elastic wave equations in hetero-
geneous isotropic media.

Although the FD method is computationally efficient, it
is difficult to apply to complex geological models with large
free-surface or interface topography that is usually encoun-
tered in practice. To overcome this limitation, some more
geometrically flexible method, such as the FEM or spectral
element method (SEM), based hybrid methods were devel-
oped. In global Earth, Capdeville et al. (2003) presented a
hybrid method that couples the SEM with a modal solution
method, which decomposed the Earth into two parts, the outer
shell with 3D lateral heterogeneities was solved by the SEM,
whereas the inner sphere with only spherically symmetrical
heterogeneities was solved by modal solution in frequency
domain after expansion on the spherical harmonic basis
(Capdeville et al., 2003). Then, a hybrid method interfacing
a 1D direct solution method (DSM) with the SEM to compute
short-period teleseismic seismograms in 3D regional models
with heterogeneities was developed (Chevrot et al., 2011;
Monteiller et al., 2013, 2020). As the wavefronts of teleseismic
waves beneath seismic arrays can be safely assumed to be
planar (Rondenay, 2009; Tong, Chen, et al., 2014; Tong,
Komatitsch, et al., 2014), analytical methods, such as FK
method can be utilized to accurately and efficiently compute
plane-wave responses of 1D medium (Zhu and Rivera, 2002).
Thus, a hybrid method coupling the SEM with FK was devel-
oped to simulate high-frequency teleseismic wavefield effec-
tively (Tong, Chen, et al., 2014; Tong, Komatitsch, et al.,
2014; Xu et al., 2024). Benefiting from the efficiency of the
AxiSEM (Nissen-Meyer et al., 2014), a hybrid method that
combines the SEM (Komatitsch and Tromp, 1999) and
AxiSEM was developed and applied in adjoint tomography
(Beller et al., 2018). Subsequently, Leng et al. (2016, 2019)
developed a hybrid method called AxiSEM3D to simulate
global wave propagation considering a 3D Earth model with
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undulating discontinuities by
combining the PS and SEM.
Lately, he combined the SEM
and AxiSEM3D to simulate
3D small-scale heterogeneities
in Earth’s mantle up to 1 Hz
dominant frequency (Leng
et al., 2020). In addition, Ba
et al. (2022) applied an SEM–
FK hybrid method to simulate
ground motion due to point
dislocation sources. Wu et al.
(2018) developed a source-side
hybrid method by combining
the DSM and SEM based on
the representation theorem.
Recently, Lyu et al. (2022) pre-
sented a review of the SEM-
based hybrid methods.

As RF mainly uses teleseis-
mic records from distant
sources, a plane-wave approxi-
mation in FK is safe for seismic
arrays with limited aperture.
On the other hand, RF analysis
may involve hundreds of tele-
seismic wavefield simulations
to obtain a reliable migration
velocity model (Zhao et al.,
2015), an FD–FK hybrid
method is especially appealing
for RF analysis due to its high
efficiency. In this study, given
the high efficiency of the FD
and FK methods, we develop
an efficient open-source soft-
ware package using the FD–
FK hybrid method to calculate
the synthetic response of local
heterogeneous media to tele-
seismic plane-wave incidence,
especially for RFs analysis.
We first review the theory and
deduction of the FK method.
Theoretically, we prove the
nonuniqueness and intrinsic
relations of the propagation
matrix. Then, we present the
implementation details and
efficient computing strategy
for the FD–FK hybrid method
using a unified wavefield vari-
able and discuss its storage
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Figure 1. Schematic diagram of teleseismic wavefield simulation using a hybrid method. (a) The
geometry of stations (black inverted triangles) with an aperture of a few hundred kilometers recording
teleseismic wavefields from a few thousand of kilometers distant source (red pentagram). The domain
can be divided into two parts, that is, a 1D global domain and a 3D heterogeneous domain (box in the
top-right corner). A fast and efficient method (such as frequency–wavenumber [FK], direct solution
method [DSM], and AxiSEM, etc.) is adopted to obtain solution in 1D media, whereas numerical
method (such as finite-difference [FD] method, finite-element method [FEM], and spectral element
method [SEM], etc.) being capable of simulating 3D heterogeneous media is adopted in the local
region shown in the box at the top-right corner. The enlarged view of a reduced region with localized
heterogeneities is shown in panel (b). (b) The local region is used to simulate responses of a reduced
region with localized heterogeneities and large velocity contrasts to earthquake ground motion. In the
region inside the outer rectangle, the regions are divided into regular (ΩI) and perfectly matched layers
(PMLs) (ΩII) domains, and the PMLs boundary conditions are applied to the latter to attenuate spurious
reflections from the artificial truncated boundary. The region outside the inner rectangle is the global
domain in which a fast and efficient 1D wavefield simulation method is applied to obtain background
wavefield u0, whereas a numerical method is adopted inside this rectangle to adapt to hetero-
geneities. Wavefields computed by these two methods are coupled/interacted near this boundary (the
gray zones). The wavefield coupling or wavefield injection technique is shown in panel (c). (c) Principle
of wavefield injection technique on the left boundary. The black thick line denotes the boundary
between the regular and PMLs domains, and the black-dashed line represents the symmetry axis of the
coupling region (gray zone). In the right domain of the gray zone, only the complete wavefield uc

(denoted by open circles) is involved, whereas only the scattered wavefield us (denoted by open
squares) is involved in the left domain of the gray zone. In this gray zone, both the scattered wavefield
us and complete wavefield uc are involved, that is the hybrid wavefield (denoted by crosses). The 1D
media on the left and right are used for waves entering from the left and right, respectively, and are
not necessarily the same. The color version of this figure is available only in the electronic edition.
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demand and countermeasures. Subsequently, we conduct five
benchmark tests to verify the accuracy and effectiveness of the
presented method for RFs analysis. Finally, an application to
short-period dense array experiment is implemented to further
demonstrate the promising capabilities of the method. In addi-
tion, statistics of computing time are shown to illustrate its
high efficiency.

Method
RF extracts structural information beneath stations by decon-
voluting the vertical component from the radial component,
which uses teleseismic records with large epicentral distance
(30°–90°) and high frequency (∼1 s or higher especially for
short-period array). It is impractical to simulate such high-fre-
quency teleseismic wavefields at a global scale or even regional
scale a large number of times. To reduce the computational
cost, hybrid methods were developed to simulate high-fre-
quency teleseismic wavefields. As shown in Figure 1, hybrid
methods adopt different methods to simulate the seismic
propagation in the 1D background and 3D heterogeneous
media sharing the same model at coupling boundary/zone.
Usually, hybrid methods first adopt fast and efficient analyti-
cal, semianalytical, or numerical methods, such as the normal
modes, GRT, DWM, FK, DSM, and AxiSEM, and so forth, to
compute the seismic wavefields u0 propagating in 1D back-
ground medium (i.e., the global domain in Fig. 1a or layered
model in Fig. 1b) from a distant seismic source (typically thou-
sands of kilometers). Then the complete/full wavefields uc in
3D heterogeneous media (inside the inner rectangle in Fig. 1b)
are simulated using the FD, FEM, SEM, and so forth, in which
the wavefield injection boundary condition is applied simulta-
neously to couple with the 1D solution at the interfacing boun-
dary/zone (Fig. 1b,c). These two processes share the identical
structure at this interface boundary/zone (gray zone in Fig. 1b,
c), whereas the structure inside the heterogeneous domain
(inner rectangle in Fig. 1b) can be arbitrarily different from
the 1D Earth model. In addition, although the 1D media on
the left and right sides are schematically identical as shown
in Figure 1c, they are not necessarily the same.

FK method
FK is one of the efficient methods of simulating seismic wavefields
in a 1D medium, which synthesizes the seismograms of plane
waves traveling through a layered model using the propagator
matrix between layers (Thomson, 1950; Haskell, 1953, 1962;
Zhu et al., 2002). As the teleseismic records used by RF analysis
are usually from distant seismic sources, it is safe to assume the
wavefronts of teleseismic body waves to be planar when arriving
in the upper mantle beneath a seismic array with a limited aper-
ture (Tong, Chen, et al., 2014). As shown in Figure A1, for an
n-layer layered model, the displacement–stress response of an
incident plane wave to the n + 1th layer, that is, the bottom
half-space layer, at a reference point �xo,yo,zo� can be written

yz�z0�P1P2 ���PnRn�1H�zn−zo�
DS

US

DP

UP

2
664

3
775e−ikh ��x−xo�cosϕ��y−yo�sinϕ�,

�1�
considering downward z-axis (Fig. A1), the coefficients DS, US,
DP , and UP are amplitudes of the downgoing S wave, upgoing S
wave, downgoing P wave, and upgoing P wave, respectively,
which are unknown coefficients that can be uniquely determined
using free-surface boundary condition and unit amplitude of inci-
dent waves (Tong, Chen, et al., 2014), thus we can compute the
wavefields on the surface using formula (1); y is the state vector,
that is, displacement and stress components; P is the propagation
matrix that is nonunique (see details in Appendix A). The
detailed definitions of matrices H, R, and the algorithm of the
FK method are presented in Appendix A.

As shown in Figure 1b,c, we need background wavefields u0
on the surface and in the underground. To compute the wave-
field at arbitrarily location beneath surface, such as located at (xr ,
yr , zr) in ith layer, we use the following recursive relationship:

yz�zr � RiH�zr − zi−1�R−1
i P−1

i−1 � � �P−1
2 P−1

1 yz�z0 : �2�

This is the downward continuation process of wavefields on the
surface. To improve the efficiency of the FK method, we first
compute the propagation matrix from the bottom half-space
layer to surface (Fig. A1) as the propagation matrices for all grids
on the surface are identical except for the exponential phase shift
factor in equation (1), then we compute downward continuation
wavefields at each horizontal slice for a fixed z coordinate. After
computing wavefield values at all frequencies and nodes, the fre-
quency-domain Green’s function is available. Then, it is multi-
plied by a source time function in frequency domain. As a result,
the time-domain wavefields at coupling region (gray domain in
Fig. 1c) can be obtained by inverse Fourier transform.

FD method
As we aim at developing an efficient 2D wavefield modeling
method to simulate teleseismic wavefield, the following wave
equations in 2D isotropic media are solved:

8<
:
ρ ∂2ux

∂t2 � ∂
∂x

h
�λ� 2μ� ∂ux∂x � λ ∂uz

∂z

i
� ∂

∂z

h
μ
�
∂uz
∂x � ∂ux

∂z

�i
ρ ∂2uz

∂t2 � ∂
∂x

h
μ
�
∂uz
∂x � ∂ux

∂z

�i
� ∂

∂z

h
λ ∂ux

∂x � �λ� 2μ� ∂uz∂z

i : �3�

In this study, we use arbitrary higher-order FDmethod to solve
the equations (3) by discretizing the time and space coordi-
nates with t � t0 � �n − 1�Δt, x � x0 � �i − 1�Δx,
z � z0 � �j − 1�Δz, in which t0 is the origin of time; (x0,
z0) is the origin of space coordinates; n, i, j are the time
and space grid indexes, respectively. All wavefield variables
and material parameters are defined at regular grid nodes
(Fig. A2). In FD scheme, the derivatives are approximated
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by FDs (Alterman and Karal, 1968; Alford et al., 1974; Kelly
et al., 1976; Dablain, 1986). For equations (3), the eight second-
order spatial derivatives on the right can be generalized to the
following two classes of specific FD approximations:

∂

∂x

�
M
∂uni,j
∂x

�
≈
XN
k�1

cNk
Mi�k−1=2,j

∂uni�k−1=2,j

∂x −Mi−k�1=2,j
∂uni−k�1=2,j

∂x

Δx
, �4a�

∂

∂x

�
M

∂uni,j
∂z

�
≈
XN
k�1

dNk
Mi�k,j

∂uni�k,j

∂z −Mi−k,j
∂uni−k,j
∂z

2Δx
, �4b�

in whichM denotes the elastic moduli, that is, λ� 2μ, λ, or μ; u
denotes displacement, that is, ux or uz ; cNj and dNj are the jth 2N-

order FD coefficients corresponding to grid spacings of Δx and
2Δx (Dablain, 1986), respectively. The discretization of the first-
order derivatives at integer and half-integer grids are listed in
Appendix B. All other terms in equations (3) can be discretized
by alternating the order of coordinate and displacement varia-
bles. Using the boundary conditions of strain discontinuity and
stress continuity at interface, we can approximate the material
parameters not at regular grid nodes (Moczo et al., 2002). This
scheme can adapt the FDmethod to deal with the heterogeneous
media to weaken the scattered waves caused by staircase
approximation. For the temporal derivative, we approximate
it using the following second-order leapfrog format:

∂2uni,j
∂t2

≈
un�1
i,j − 2uni,j � un−1i,j

Δt2
: �5�

Substituting equations (4) and (5) into equations (3), we can
obtain a full discretizational forms of wave equations. To sup-
press spurious reflection waves from artificial truncated boun-
daries, we apply the perfectly matched layers (PMLs) boundary
condition to the left, right, and bottom boundaries (Liu et al.,
2013, 2014). On the top boundary, we adopt the boundary-
modified difference approximation to deal with the free-surface
boundary condition (see details in Nilsson et al., 2007; Lan and
Zhang, 2011).

FD–FK hybrid method
To demonstrate the implementation of the FD–FK hybrid
method, we take the left coupling boundary of Figure 1b as
an example (shown in Fig. 1c). Here, we only show FD discre-
tization with second-order precision for illustration, it is straight-
forward to extend to higher order precision. As shown in
Figure 1c, the black thick line denotes the boundary between
the regular domain (denoted byΩI) and PMLs domain (denoted
byΩII); a coupling domain (gray zone) exists between them. This
coupling domain involves both the scattered us and complete/
full uc wavefields (denoted by crosses), the width for which

depends on the order of the FD operator, that is, half-length
of the FD stencil. In this coupling domain, the black-dashed line
separates it into two subdomains. In the region to the left of this
black-dashed line, only the scattered wavefield is computed
(denoted by squares), whereas only the complete wavefield is
computed in the region to the right of this black dashed line
(denoted by circles). Consequently, the wavefields in both
domains can be generalized as the following unified wavefield
variable:

uhy �
�
uc, in ΩI

us, in ΩII
, �6�

in which us � uc − u0 is the interactions of plane waves in the
1D background domain with the 2D heterogeneities in the regu-
lar domain; u0 is the wavefield in 1D backgroundmedia obtained
by the FK, whereas uc is the wavefield in 2D heterogeneous
media obtained by the FD in this study. Generally, we solve this
hybrid wavefield uhy in both domains obeying the wave gov-

erning equations (3). Therefore, the complete/full wavefield uc
is solved in the regular domain, whereas the scattered wavefields
us is solved in the PMLs domain.

To illustrate the wavefield injection technique behind
hybrid methods, we take two typical classes of nodes for dem-
onstration. For the derivative in formula (4a), the discretiza-
tion of the second-order derivative in the regular domain
(node A in Fig. 1c) can be written as

∂

∂x

�
M
∂unci,j
∂x

�
A
≈
Mi�1=2,j�unci�1,j

−unci,j�−Mi−1=2,j�unci,j −unci−1,j�
Δx2

≈
Mi�1=2,j�unhyi�1,j

−unhyi,j�−Mi−1=2,j�unhyi,j −u
n
hyi−1,j

��Mi−1=2,jun0i−1,j
Δx2

,

�7a�
while its discretization in the PMLs domain (node B in Fig. 1c)
can be written as

∂

∂x

�
M
∂unsi,j
∂x

�
B
≈
Mi�1=2,j�unsi�1,j

−unsi,j�−Mi−1=2,j�unsi,j −unsi−1,j�
Δx2

≈
Mi�1=2,j�unhyi�1,j

−unhyi,j�−Mi−1=2,j�unhyi,j −u
n
hyi−1,j

�−Mi�1=2,ju
n
0i�1,j

Δx2
:

�7b�
Compared with the standard second-order FD discretization of
second-order derivative, there is an extra term (�Mi−1=2,jun0i−1,j
and −Mi�1=2,ju

n
0i�1,j

) in formulas (7a) and (7b) respectively,

which can be considered as equivalent sources (van Manen
et al., 2020). Actually, this is an implementation of boundary
integral in FD form. Naturally, it is straightforward to extend
to other derivatives and boundaries/zones. In general, the
background wavefield u0 should be added to the scattered
wavefield values in the PMLs domain when used to compute
derivatives at nodes in the regular domain, whereas it should be
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subtracted from the complete wavefield values in the regular
domain when used to compute derivatives at nodes in PMLs
domain. Hence, the background wavefield u0, the scattered
wavefield us, and the complete wavefield uc are simultaneously
involved in the hybrid domain (i.e., the gray zone). However,
either only us or only uc is respectively involved in the two
domains excluding the hybrid domain (i.e., the regular or PMLs
domains outside the gray zones), which does not involve back-
ground wavefield computed by the FK method in 1D media. As
a result, it needs to store background wavefield values u0 at
nodes in a region (gray zones) with the width of half-length
of FD stencil to implement the wavefield injection boundary
condition behind the hybrid method of coupling the FD and
FK for teleseismic wavefield modeling. Alternatively, an asym-
metric FD operator can reduce the storage amount from this
region to the boundary between the regular and PMLs domains
like that done in Liu et al. (2015). By contrast, for those integra-
tion-basedmethods, such as the FEM and SEM, and so forth, the
stored wavefield values are naturally reduced to the boundary
between regular and PMLs domains as the propagation operator
is elementwise global, thus only the displacement components
on this boundary are needed to be stored (Liu et al., 2017, 2019).

Numerical Examples
Five numerical experiments are conducted to verify the effec-
tiveness and accuracy of the developed FD–FK hybrid method.
In all experiments, the source time function is a Ricker wavelet
with a dominant frequency of f 0 � 1:0 Hz, that is, with a cut-
off frequency of about 3f 0 � 3:0 Hz. The initial plane wave-
front of FK is initialized on the vertical axis of symmetry of
the profile with the depth depending on the incidence angle,
that is, zo � zn � L

2 tan θ, in which L= 200 km is the length of
the profile and zn is the maximum depth of the model. The
model is discretized by square grids with intervals of 0.2 km
in both horizontal and vertical directions. In wavefield simu-
lation, the time sampling interval is 10 ms. Although the sixth-
order FD is used and it can accurately simulate wavefield in 2D
localized heterogeneous media, it is allowed to be set to any
even order in the package. The geographical coordinates cor-
responding to the origin of the profile (x0, z0) are located at
(45° N, 0° E), and the receivers are deployed along a linear
array with azimuth of 0°. The source is located at (42° S,
10° E) and a depth of 50 km with the back-azimuth angle
between locations of (x0, z0) and source being about 172.8°.
The ray parameters of P and S waves are 4.798 and 9.535 s/°,
respectively, which are computed by the TauP software
(Crotwell et al., 1999). The above parameters are used in
the following experiments unless otherwise noted.

Benchmark tests
First, we conduct two benchmark tests to verify the precision of
the developed hybrid method. As the FD method cannot deal
with the subsurface accurately (Roecker et al., 2010), we simulate

the teleseismic wavefield in half-space for benchmark tests. The
density, VP , and VS of the model are 2700 kg=m3, 6000 m/s,
and 3450 m/s, respectively. In this test, the duration of wavefield
simulation is 40 s and the depth of the model is extended to
50 km. For this model, the solutions obtained by the FK and
FD–FK hybrid methods are theoretically identical as the models
used in both methods are the same. Therefore, the residuals
between them can be used to evaluate the precision of the hybrid
method. A receiver is deployed at (50 and 0 km) to record tele-
seismic wavefield for analysis. As shown in Figure 2, the wave-
forms obtained by the hybrid method are consistent with those
obtained by the FK for both P- (Fig. 2a,b) and S-wave (Fig. 2c,d)
incidences. The corresponding residuals are only a few percent-
age errors (∼2% and 4% errors for P- and S-wave incidences,
respectively), which illustrates the effectiveness and accuracy
of the developed hybrid method.

To further demonstrate the effectiveness of the hybrid
method, we simulate teleseismic wavefield and compute RFs in
a single layer over a half-space model for both incident P and S
waves. The parameters of this model are listed in Table 1. The
duration of wavefield simulation is 45 s and the depth of the
model is extended to 50 km. For P-wave incidence, the wave-
forms (Fig. 3a,c) and RF (Fig. 3d) at a receiver (50 and 0 km)
are computed, and various phases are identified ray paths
which are shown in Figure 3b. The snapshots of the horizontal
displacement component computed by the FD–FK hybrid
method at different time instants for P-wave incidence are
shown in Figure A3. It can be observed that the direct P wave,
transmitted Pp and Ps phases, PpPp, PsPp, PsPs multiples, and
reflected PP, PS phases at the Moho interface. Figure 4 shows
the waveforms (Fig. 4a,c), RF (Fig. 4d), and corresponding ray
paths (Fig. 4b) for S-wave incidence. Since the Sp wave arrives
earlier than the Ss wave, the phase of Sp (Fig. 4d) is on the
negative half-axis in RF, whereas multiples SpPp, SpPs, SsPs,
and SpPpPs are on the positive half-axis. Generally, as shown
in Figures 3d and 4c, the travel times of phases are identical to
the theoretical ones (vertical dashed lines), which further con-
firm the effectiveness of the hybrid method.

An LAB model
As the S-wave RF does not suffer from the interference by multi-
ples at Moho, it is widely used to study the structure of LAB
(Farra and Vinnik, 2000; Yuan et al., 2006; Chen et al., 2014;
Mark et al., 2021). To demonstrate that our method can be used
in the study of LAB, we simulate the teleseismic wavefields of
incident S wave and compute corresponding RFs in an LAB
model. This model consists of two layers overlaying on a
half-space layer, parameters for which are listed in Table 2.
The duration of wavefield simulation is 60 s and the depth of
the model is extended to 120 km. When a plane S wave is inci-
dent on the bottom of this model, seismograms of various phases
(Fig. 5a,c) are recorded by a receiver at (50 and 0 km). As shown
in Figure 5, the converted phases SLp at LAB and Smp at the
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Figure 3. Displacement components, receiver function (RF), and
corresponding ray paths of incident P wave in a single-layer
overlaying half-space model. (a,c) Radial and vertical displace-
ment components were computed by the FD–FK hybrid method
and recorded by a receiver at (50 and 0 km), respectively. Ray
paths corresponding to numbers in circles are shown in panel (b).

(b) The corresponding P-wave RF. The vertical dotted lines are the
theoretical travel times of corresponding phases. (d) Ray paths
of various phases, in which blue and red lines represent P- and
S-wave lags, respectively. The color version of this figure is
available only in the electronic edition.
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Figure 2. Benchmark tests for P- and S-wave incidence in a half-
space model. Radial and vertical displacement components for
(a,c) incident Pwave recorded by a receiver at (50 and 0 km), and
(b,d) incident S wave, respectively. The red lines denote solutions

computed by the FK method, and the blue lines denote the
solutions computed by the FD–FK hybrid method. The black lines
denote corresponding residuals. The color version of this figure is
available only in the electronic edition.
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Moho boundary are on the negative half-axis in RF, whereas the
multiples SpPp, SpPs, SsPs, and SpPpPs at the Moho boundary
are on the positive half-axis. The ray paths of various phases are
identified (Fig. 5b), and their theoretical travel times (vertical
dotted lines) are consistent with corresponding RFs (Fig. 5d).
It illustrates the effectiveness and feasibility of the presented
hybrid method in the study of LAB structure.

Application
In this section, we apply the developed hybrid method to RFs
analysis of real data acquired by a dense seismic array across
the northern boundary of the Tibetan plateau. This array is
generally running northwest–southeast trending with an azi-
muth of 134°, which consists of 483 short-period seismic sta-
tions along an ∼380 km cross-section with an ∼0.8 km station
spacing (Fig. 6). The details on data and tectonic settings can be
found in Wu et al. (2024). By incorporating existing data, Wu
et al. (2024) constructed an optimal velocity model that best
fits the real RFs (Fig. 7) after many tests. In general, this model
consists of five layers overlaying on a half-space layer, that is,
the sedimentary layers, upper and lower crust over the upper
mantle, respectively. As the hybrid method requires that the
1D layered model used in FK must match the 2D

heterogeneous model used in FD on coupling boundaries,
the depth, density, and velocity values of each layer in both
models should be identical on these boundaries. For this
model, the depths of 1D background models on the left and
right sides are set to be different to adapt to the 2D hetero-
geneous model as shown in Figure 7. As a result, the model
in FK is a five-layer 1Dmodel on both sides, whereas the model
in FD (Fig. 7) is highly heterogeneous and complex. The
detailed parameters of the 1Dmodels on the left and right sides
are listed in Table 3. Although these two models (i.e., models
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Figure 4. Displacement components, receiver function (RF), and
corresponding ray paths of incident S-wave in a single-layer
overlaying half-space model. (a,c) Radial and vertical displacement
components computed by FD-FK hybrid method and recorded by a
receiver at (50 km, 0 km), respectively. Ray paths corresponding to
numbers in circles are shown in (b). (d) The corresponding original
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corresponding phases. (b) Ray paths of various phases, where blue
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TABLE 1
1D Single-Layer Model

Layers
VP

(m/s)
VS

(m/s)
Density
(kg=m3)

Thickness
(km)

Crust 6000.0 3450.0 2700.0 35.0

Half-space 8000.0 4450.0 3300.0 –

TABLE 2
1D Lithosphere–Asthenosphere Boundary (LAB)
Model

Layers
VP

(m/s)
VS

(m/s)
Density
(kg=m3)

Thickness
(km)

Crust 6000.0 3450.0 2700.0 30.0

Mantle 8000.0 4450.0 3300.0 70.0

Half-space 7200.0 4000.0 3200.0 –
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used in FK and FD) are significantly different in the region
farther from the boundary, the hybrid method can effectively
simulate the interactions of an incident plane wave with the
heterogeneities in this reduced 2D localized region.

To further investigate the effectiveness and feasibility of
the hybrid method for RFs analysis of real data, we show an
application to a distant event located at (0.045° S, 124.28° E)
at a depth of 39.85 km for demonstration (top-left inset in
Fig. 6). The angle difference between the back-azimuth angle
of this event and the azimuth of the profile is about 1.9°,
which provides a perfect 2D geometry to compare the
observed and synthetic RFs for a 2D wavefield modeling
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Figure 5. Displacement components and receiver function (RF) of
incident S-wave in a lithosphere–asthenosphere boundary (LAB)
model. (a,c) The radial and vertical displacement components
were computed by the FD–FK hybrid method and recorded by a
receiver at (50 and 0 km). (d) The corresponding original S-wave
RF. The vertical dotted lines are the theoretical travel times of
corresponding phases. Phases SLp and Smp are converted
waves, respectively, at LAB and Moho boundaries, and phases
SmpPmp, SmpPms, SmpSms, and SmpPmpPms are multiples at the
Moho interface, respectively. (b) Ray paths of various phases
and blue and red lines represent P- and S-wave lags, respec-
tively. The color version of this figure is available only in the
electronic edition.

TABLE 3
Two 1D Models for the Dense Array Across Altyn Tagh Range

Left Right

Layer
Number

VP

(m/s)
VS

(m/s)
Density
(kg=m3)

Thickness
(km)

VP

(m/s)
VS

(m/s)
Density
(kg=m3)

Thickness
(km)

1 4700.0 2554.0 2058.0 3.0 4973.0 2810.0 2157.0 0.8

2 5200.0 2826.0 2239.0 3.0 5473.0 3092.0 2338.0 1.0

3 5600.0 3043.0 2384.0 2.8 5782.0 2067.0 2450.0 1.0

4 6300.0 3424.0 2638.0 19.4 6209.0 3508.0 2605.0 26.6

5 7000.0 3804.0 2891.0 23.6 6727.0 3800.0 2792.0 24.8

Half-space 8200.0 4633.0 3326.0 – 8200.0 4633.0 3326.0 –
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method. In this test, the duration of wavefield simulation is 85 s
and the depth of the model is extended to 120 km. First, we
simulate the teleseismic wavefield of this event using the pre-
sented velocity model (Fig. 7) and the developed hybrid method
and recorded the wavefields at the same locations as the real
stations. Figure 8 shows the observed and synthetic RFs profiles.
It can be observed that the RFs are highly consistent between the
observed and synthetic ones. Subsequently, we simulate wave-
fields from 10 events that are nearly parallel to the direction of
the profile, and conduct common-converted-point (CCP) stack-
ing using the same deconvolution algorithm (Ligorría and
Ammon, 1999), migration technique, and parameters for the
synthetic and observed RFs (Fig. 9). We refer readers to Wu
et al. (2024) on real data processing and tectonic interpretation

for details. It can be seen that
we can successfully reproduce
the real CCP image (Fig. 9b)
based on synthetic RFs using
the developed software package,
which confirms the feasibility of
the 2D hybrid method in RFs
analysis on linear array.

Efficiency
This software package is a
high programming optimized
Fortran package supporting
parallel computing using
OpenMP (Chandra et al.,
2001). To demonstrate the effi-
ciency of the 2D FD–FK hybrid
method, all tests are run on the
same laptop (four cores, Intel
i7-4810MQ @ 2.8 GHz). We
count the running time of the
above tests. As shown in
Figure 10, all tests just take a
few minutes to several tens of
minutes, which allows a large
number of reproductive tests
in real RFs applications.
Compared to a 3D wavefield
simulation, a 2D wavefield sim-
ulation code is very efficient
and can significantly reduce
computational time. Therefore,
this software package frees
one from computing exhaustive
wavefield simulations to focus
on verifying the reliability of
the model through a large num-
ber of tests.

Discussions
Although this software package is efficient for high-frequency
teleseismic wavefield modeling of RFs analysis, the amplitude
of the radial component may be not accurate due to using 2D
modeling code when the angle difference γ between the azi-
muth of the profile and the back azimuth of the event to station
is too large. As the ratio of the transverse component to the
total horizontal component is about sin2 γ � T�����������

R2�T2
p , then

the angle γ should be less than 18.4° if we set the amplitude
error limit as 10%. Although the amplitude of the radial
component may be not accurate for a large γ, its phase is still
accurate. In real RFs analysis, this angle γ may be large. To
completely circumvent this problem, one can select a subset
of available events with small angle γ in reproductive tests to
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Figure 6. Simplified tectonic setting of the Altyn Tagh Range and location of the dense seismic
array. The blue triangles denote the dense array with red ones annotated by numbers representing
the station codes, and the blue line represents the linear imaging profile. The gray-solid lines
denote the main faults, and the gray-dashed lines are nonreactivated faults. The top-left inset
shows the earthquake event used to compute RFs for comparison, where the triangle and
pentagram represent station and event, respectively. The top-right inset shows the surrounding
tectonic units and the location of the dense array, where the black box and triangles represent the
study region and seismic array, respectively. ATF, Altyn Tagh fault; ATR, Altyn Tagh Range; CF,
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version of this figure is available only in the electronic edition.
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verify the reliability of real CCP images just as done by Wu
et al. (2024). In real data applications, we found that it is also
applicable to cases when γ > 18:4° but at the cost of weak spu-
rious boundary diffractions. Therefore, this software package is
a powerful and efficient tool for RFs analysis. Certainly, a
hybrid method-based 3D teleseismic wavefield simulation soft-
ware package may be more appealing for real applications.
However, the computational cost will be increased exponen-
tially, which prevents one from conducting a large number
of reproductive tests for RFs analysis.

Conclusions
In this study, we developed a hybrid method that couples the
FD and FK methods to simulate high-frequency teleseismic
plane-wave propagation in 2D local media. It can take into
account complex wave phenomena of the interactions between
incoming teleseismic wavefields with local heterogeneities.
This hybrid method can significantly reduce the computing
cost of high-frequency teleseismic wavefield modeling, which
is especially appealing for RFs analysis from distant earth-
quakes with thousands of kilometers. It is allowed to consider

the real azimuthal effect of the
source as the geographical
locations of earthquakes are
permitted. Comprehensive
theoretical synthetic experi-
ments demonstrate the effec-
tiveness and accuracy of the
developed method for P- and
S-wave RFs analyses. The
reproductive RFs profile for a
real dataset further confirms
the effectiveness and feasibility
of the developed method. In
terms of efficiency, this method
just takes a few minutes to sev-
eral tens of minutes to accom-
plish the simulation of the
high-frequency teleseismic
wavefield. Hence, this software
package is a powerful tool for
RFs analysis, which allows one
to conduct a large number of
numerical tests to verify the
reliability of the RFs images
and improve the velocity
model accordingly.

Data and Resources
FDFK2D can be freely available at
https://github.com/YoushanLiu/
FDFK2D. The data used here as
examples for receiver functions
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(RFs) calculation are released in
software. Figures were plotted
using Generic Mapping Tools
(GMT) version 6 (Wessel et al.,
2019), which can be found at
https://www.genericmapping-
tools.org. The ray parameter of
earthquake is computed by the
TauP software (Crotwell et al.,
1999), which can be found at
https://www.seis.sc.edu/taup. All
websites were last accessed in
November 2024.
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Appendix A

Frequency–wavenumber (FK) method for P–SV
wave in 1D layered models
The first-order displacement–stress wave equations in 3D iso-
tropic media take the following forms (Aki and Richards, 1980):

ρui � σ ij,j � f i, �A1�

in which subscript i takes x, y, or z; ui is the ith displacement
component that is a function of time t and space coordinate
(x, y, z); ρ is mass density; σ ij � cijklεkl is the stress tensor;

εij � 1
2 �ui,j � uj,i� is the strain tensor; cijkl is the elastic coefficient

tensor in isotropic media that is cijkl � λδijδkl � μ�δikδjl
�δilδjk�; λ and μ are Lamé constants; f is the source term.

Transforming the wave equation (A1) with respect to (t, x,
y) into the (ω, kx , ky) domain, we obtain the following
equations (Liu et al., 2017):

−ρω2
uFKx
uFKy
uFKz

2
4

3
5 �

ikxσxx � ikyσxy � ∂zσxz
ikxσxy � ikyσyy � ∂zσyz
ikxσxz � ikyσyz � ∂zσzz

2
4

3
5, �A2�

in which uFK � �uFKx ,uFKy ,uFKz � is the displacement of plane-

wave solution in the frequency domain and layered model;

u , ux z

ρ, λ, μ

Figure A2. Schematic diagram of finite-difference (FD) stencil. The
wavefields and material parameters are defined at regular col-
located grids.

ρ , α , β1 1 1

ρ , α , βi i i
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θ

x

z Wavefront
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Figure A1. An n-layer over the half-space model. The depth of the
top boundary of ith layer is denoted by zi , density, VP , and VS,
which are represented by ρi , αi , and βi , respectively. A teleseismic
plane wavefront with an incidence angle of θ is initialized at the
reference point (xo, zo). The positive directions of the x- and z-
axes are rightward and downward, respectively.
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σxx , σyy, σzz , σyz , σxz , and σxy are the components of the stress

tensor in the frequency domain; kx and ky are the wavenum-

bers in the x and y directions, respectively; ω is angular fre-
quency; i is the imaginary number. Here, we use the same
symbol in both the time–space and frequency–wavenumber
domains to avoid clustering. If we define uFKeh � uxex�
uyey and kheh � kxex � kyey, in which kh �

����������������
k2x � k2y

q
and

eh is the horizontal unit normal vector, then equation (A2)
can be written (Liu et al., 2017)

−ρω2 uFKx
uFKz

� �
� ikhσxh � ∂zσzz

ikhσhz � ∂zσzz

� �
: �A3�

Thus, ux � uFK cos ϕ, uy � uFK sinϕ in which ϕ is the back-
azimuth angle between station and source. Then equation (A3)
can be organized as following ordinary equation:

d
dz

y1
y2
y3
y4

2
66664

3
77775 �

0 −ikh
1
μ 0

− ikhλ
λ�2μ 0 0 1

λ�2μ

4k2hμ�λ�μ�
λ�2μ − ρω2 0 0 − ikhλ

λ�2μ

0 −ρω2 −ikh 0

2
666664

3
777775

y1
y2
y3
y4

2
66664

3
77775

� Ey, �A4�

in which y1 � uFKx , y2 � uFKz , y3 � σhz , and y4 � σzz . By com-
puting the eigenvalues and eigenvectors of thematrix E � RDR−1,

the general solution of ordinary equation (A4) can be
obtained:

y �

ksz
kh

− ksz
kh

1 1

1 1 − kpz
kh

kpz
kh

−i μγkh −i μγkh −2iμkpz 2iμkpz
−2iμksz 2iμksz i μγkh i μγkh

2
66664

3
77775

�
e−ik

s
zz 0 0 0

0 eik
s
zz 0 0

0 0 e−ik
p
z z 0

0 0 0 eik
p
z z

2
664

3
775

DS

US

DP

UP

2
664

3
775, �A5�

in which each column of the matrix R is the eigenvector of the
matrixE; the diagonal elements of thematrixD are the eigenvalues

of the matrix E; α �
���������
λ�2μ
ρ

q
and β �

��
μ
ρ

q
are the seismic velocities

of P and S waves, respectively; kpz �
��������������
ω2

α2
− k2h

q
, ksz �

��������������
ω2

β2
− k2h

q
,

and γ � ω2

β2
− 2k2h. As the positive direction of the z-axis is down-

ward, the coefficients DS, US, DP , and UP are amplitudes of the
downgoing S wave, upgoing S wave, downgoing P wave, and
upgoing P wave, respectively. For any invertible diagonal matrix
S, SDS−1 � D as D is a diagonal matrix. Thus, for V � RS,
VDV−1� RSDS−1R−1� RDR−1 � E. Therefore, the eigenvector
matrix R is nonunique as it is equivalent to right multiplying itself
by any invertible diagonal matrix S.
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Figure A3. Snapshots of horizontal displacement components of
incident Pwave computed by the FD–frequency–wavenumber (FK)
hybrid method in a single-layer over half-spacemodel are shown in
Panels (a–l). Numbers at right-bottom corners are corresponding

time instants. Phases P, Pp, and Ps denote the direct P wave,
transmitted Pwave, and converted S wave, whereas phases PpPp,
and PpPs are corresponding multiples, respectively. The color
version of this figure is available only in the electronic edition.
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For the layeredmodel as shown in Figure A1, we can obtain the
following recursive relationship of wavefields between z � zi−1
and z � zi layers by using the equation (A5) and the continuous
boundary conditions of displacements and normal stresses:

yi−1 � Piyi, �A6�

Ri �

ksz
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− ksz
kh

1 1

1 1 − kpz
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kpz
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z

−2iμik
s
z 2iμik

s
z i μiγikh

i μiγkh

2
66664

3
77775, �A7�

H�zi−1−zi��
e−ik

s
z�zi−1−zi� 0 0 0
0 eik

s
z�zi−1−zi� 0 0

0 0 e−ik
p
z �zi−1−zi� 0

0 0 0 eik
p
z �zi−1−zi�

2
664

3
775,

�A8�

in which μi and γi are the corresponding variables in the ith
layer, respectively. Here, we define what is called propagation
matrix, which establishes the relationship of the displacement
and normal stress components between the i−1th and ith layers.
Hence, the FK method is also called the propagator matrix
method. Using the equations (A5) and (A6), we can obtain
the wavefield on the free-surface responses to the plane wave
initialized at location (xo, yo, zo):

yz�z0 � P1P2 � � �PnRn�1H�zn

− zo�
DS

US

DP

UP

2
664

3
775e−ikh ��x−xo� cosϕ��y−yo� sin ϕ�: �A9�

We define the propagator matrix of n-layer model as
A � P1P2 � � �PnRn�1H�zn − zo�e−ikh ��x−xo� cos ϕ��y−yo� sin ϕ�

�

a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

2
66664

3
77775: �A10�

P-wave incidence
For the incident P wave, US � 0, kh � ω

α sinθ, in which θ is the
incident angle of the plane wave. Applying the free-surface
boundary condition, we can obtain the following equations
for P-wave incidence:

0
0

� �
� a31 a32 a33 a34

a41 a42 a43 a44

� � DS

0
DP

UP

2
664

3
775: �A11�

Thus, we can obtain the unknown downgoing amplitudes of P
and S waves in n + 1th layer:

DS

DP

� �
� −

1
a31a43 − a41a33

a43 −a33
−a41 a31

� �
a34
a44

� �
UP: �A12�

If the incident P wave has unit amplitude, its displacement
response to the half-space model is u � �sin θ, cos θ�. Using
the equation (A5), we can obtain the free-surface displacement
response to the unit amplitude of the incident P wave:

uFKx
uFKz

� �
�

− ksz
kh

1

1 kpz
kh

" #
0
UP

� �
� sin θ

cos θ

� �
, �A13�

that is, UP � 	 sin θ.

S-wave incidence
For the incident S wave, UP � 0, kh � ω

β sinθ. Applying the
free-surface boundary condition, we can obtain the following
equations for S-wave incidence:

0
0

� �
� a31 a32 a33 a34

a41 a42 a43 a44

� � DS

US

DP

0

2
664

3
775: �A14�

Then we can obtain the unknown downgoing amplitudes of P
and S waves in n + 1th layer:

DS

DP

� �
� −

1
a31a43 − a41a33

a43 −a33
−a41 a31

� �
a32
a42

� �
US: �A15�

In this case, the free-surface displacement response to the unit
amplitude of the S wave is u � �cos θ, sin θ�. Using the
equation (A5), we can obtain the free-surface displacement
response to the unit amplitude of the incident S wave:

uFKx
uFKz

� �
�

− ksz
kh

1

1 kpz
kh

" #
US

0

� �
� cos θ

sin θ

� �
, �A16�

that is, US � 	 sin θ.

Wavefield downward continuation
For wavefields at a location beneath the surface, such as located
at (xr , yr , zr) in ith layer, we can obtain corresponding wave-
fields using the following recursive relationship:

yz�zr � RiH�zr − zi−1�R−1
i P−1

i−1 � � �P−1
2 P−1

1 yz�z0 : �A17�

Appendix B

Discretization of finite-difference (FD) method
Discretization of the first-order derivative. In formula
(3), the first-order derivatives are involved, which can be dis-
cretized as follows:
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∂uni�k−1=2,j

∂x
≈
XN
m�1

cNm
uni�k�m−1,j − uni�k−m,j

Δx
, �B1�

∂uni�k,j

∂z
≈
XN
m�1

dNm
uni�k�m,j − uni�k−m,j

2Δz
: �B2�

Discretization of mixed derivatives in the coupling
domain. To discretize the formula (4b) with second-order
precision FD operator, the mixed derivative at node A can
be approximated as

∂

∂x

�
M

∂unci,j
∂z

�
A
≈
Mi�1,j�unci�1,j�1

− unci�1,j−1
� −Mi−1,j�unci−1,j�1

− unci−1,j−1�
4ΔxΔz

≈
Mi�1,j�unhyi�1,j�1

− unhyi�1,j−1
� −Mi−1,j�unhyi−1,j�1

− unhyi−1,j−1� −Mi−1,j�un0i−1,j�1
− un0i−1,j−1�

4ΔxΔz
, �B3�

while the mixed derivative at node B can be approximated as

∂

∂x

�
M

∂unsi,j
∂z

�
B
≈
Mi�1,j�unsi�1,j�1

− unsi�1,j−1
� −Mi−1,j�unsi−1,j�1

− unsi−1,j−1�
4ΔxΔz

≈
Mi�1,j�unhyi�1,j�1

− unhyi�1,j−1
� −Mi−1,j�unhyi−1,j�1

− unhyi−1,j−1� −Mi�1,j�un0i�1,j�1
− un0i�1,j−1

�
4ΔxΔz

: �B4�

Discretization of density and elastic modulus. As
shown in Figure A2, the wavefields, density, and elastic
moduli are defined at regular nodes, whereas the elastic

moduli at half-grid nodes are involved in formulas (7a)
and (7b). Using the boundary conditions of strain disconti-
nuity and stress continuity at the interface, the material
parameters not at grid nodes are approximated as (Moczo
et al., 2002)

ρi,j �
1

ΔxΔy

Z
xi�1=2

xi−1=2

Z
yj�1=2

yj−1=2

ρdxdy, �B5�

Mi�1=2,j �
�

1
ΔxΔy

Z
xi�1

xi

Z
yj�1=2

yj−1=2

1
M

dxdy

	
−1
: �B6�
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