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ABSTRACT

This study presents the direct convergence method (DCM), a novel numerical method for
efficient computation of synthetic seismograms in a layered half-space when sources and
receivers are at close depths. Conventional methods such as the discrete wavenumber
method suffer from the slow convergence in such scenarios, which requires impractical
wavenumber cutoffs. Although the semi-analytical method (SAM) and peak-trough aver-
aging method (PTAM) offer improvements, SAM involves complex mathematical deriva-
tions, and PTAM demands an extra meticulous numerical implementation. DCM addresses
these limitations by directly removing the slowly convergent component of the wavenum-
ber-domain integrand over a finite interval and supplementing it with an analytically
derived correction term. The method achieves higher accuracy and better stability than
PTAM with minimal computational overhead—implementable in fewer than 20 lines of
code in frameworks like PyGRT. Validation via the Sommerfeld integral and Lamb’s prob-
lem confirms DCM'’s robustness and accuracy. Applications to soft sedimentary layers and
far-field scenarios demonstrate its reliability. DCM provides a simple, efficient, and easily
implementable solution for high-fidelity synthetic seismograms in challenging source-
receiver configurations.

depths, the integrand converges very slowly, requiring an
impractically large wavenumber cutoff in DWM, which drasti-
cally reduces computational efficiency. The computation of syn-
thetic seismograms for sources and receivers at close depths has
critical applications in seismology, including monitoring
induced seismicity, studying landslide dynamics, analyzing
meteorite impacts, examining volcanic tremors, and monitoring
nuclear explosions. To address the slow convergence, the semi-
analytical method (SAM) was developed (Apsel and Luco, 1983;
Herrmann and Wang, 1985; Hisada, 1994, 1995). In SAM, the
integral is split into two parts: one is solved analytically, whereas
the other, which benefits from the separation of the integrand,
converges rapidly and can be evaluated numerically. Although

KEY POINTS

® Slow convergence in wavenumber integrals for shallow
sources limits the calculation of synthetic seismograms.

® Direct convergence method accelerates convergence and
achieves higher accuracy than peak-trough averaging
method, only in less than 20 code lines.

® This plug-and-play algorithm enables efficient high-fidel-
ity seismogram synthesis for challenging scenarios.

INTRODUCTION

The computation of synthetic seismograms for layered media
serves as a fundamental and essential tool for researchers to

understand Earth’s internal structure and earthquake processes.
Since the 1950s, advancements in computer technology have led
to significant progress in the development of methods for cal-
culating synthetic seismograms. Among these, the generalized
reflection-transmission matrix (GRTM) method based on the
discrete wavenumber method (DWM) has been widely adopted
for its numerical efficiency in solving integral problems for lay-
ered media (Haskell, 1953; Kennett and Kerry, 1979; Luco and
Apsel, 1983; Yao and Harkrider, 1983; Xie and Yao, 1989; Chen,
1993). However, when the source and receiver are at close
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SAM effectively resolves the slow convergence, its mathematical
treatment is cumbersome and requires a specialized numerical
implementation. To reduce the complication of SAM,
Greenfield (1995) developed the contour deformation method.
This technique uses the asymptotic solutions of Hankel func-
tions to obtain convergent results at large epicentral distances
and has been applied to simulate strong ground motion near
the fault plane in a layered half-space (Hisada and Bielak,
2003). Regarding the numerical method, Zhang et al. (2003)
developed the peak-trough averaging method (PTAM) based
on the repeated averaging method (RAM; Chang, 1988) to accel-
erate convergence for shallow sources. PTAM extracts peaks and
troughs from the oscillatory integral to form a reduced sequence,
then iteratively averages adjacent pairs to estimate the final
convergence value. Compared to SAM, PTAM minimizes math-
ematical complexity and is more straightforward to implement
numerically.

In this study, inspired by SAM and PTAM, we propose a
new numerical integration method, the direct convergence
method (DCM), to accelerate the convergence of wavenumber
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Figure 1. Schematic workflow of (a) discrete wavenumber method (DWM),
(b) peak-trough averaging method (PTAM), (c) semi-analytical method
(SAM), and (d) direct convergence method (DCM) for addressing slow
convergence in integration. F(k) is the kernel function, J,(kr) is the mth
order Bessel function of the first kind, P, (k) is the integration result with
upper limit k (defined in equation 4), k. is the critical wavenumber. See the
Method section for more details. The color version of this figure is available
only in the electronic edition.

integrals. As the name suggests, DCM achieves improved con-
vergence near the cutoff wavenumber by directly removing the
slowly convergent component of the integrand through sub-
tracting a constant term over a finite wavenumber interval, fol-
lowed by adding an analytically derived correction term.
Although this adjustment to the integral formula may resemble
SAM in principle, DCM requires minimal mathematical com-
plexity for implementation yet achieves high convergence
accuracy. Figure 1 schematically illustrates the workflow of
DWM, PTAM, SAM, and DCM for addressing the slow
convergence issue. From the perspective of PTAM, DCM
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implicitly extracts an infinite series of peaks and troughs and
automatically estimates their convergence limit. Unlike PTAM,
which relies on careful curve fitting to locate the peaks and
troughs, DCM is numerically straightforward to implement,
introduces negligible computational overhead, and avoids
additional memory demands. This simplicity allows research-
ers to easily adapt existing codes for synthetic seismogram
computation with shallow sources. For example, in the
PyGRT package (Zhu et al., 2025; see Data and Resources),
we implemented DCM by adding fewer than 20 lines of code
to the original DWM framework. Numerical experiments con-
firm that DCM produces accurate synthetic seismograms with
higher convergence accuracy and stability compared to PTAM.

In the following sections, we will first provide a brief intro-
duction to DWM, SAM, and PTAM, then describe the imple-
mentation of DCM, and finally conduct a series of rigorous
comparisons and application tests.

METHOD

Basic theory

According to Yao and Harkrider (1983), solving the Green’s
functions for layered media in the frequency domain requires
solving the following integral:

L () = /0 " Rw)), (kkdk, m=012 (1)

in which w is the angular frequency, k is the wavenumber, r is
the epicentral distance, J,,,(kr) is the mth order Bessel function,
and the kernel function F(k,w) is the response of medium,
which can be solved by GRTM. In this article, F(k,w) generally
denotes various types of kernel functions, whereas g(k,w) spe-
cifically refers to the displacement kernel function, and g, (k,w)
specifically refers to the kernel function for the derivative of
displacement with respect to the receiver depth. The compu-
tation of stress, strain, and rotation tensors requires calculating
the spatial derivatives of displacement with respect to the
receiver coordinates. This involves replacing the displacement
kernel function in equation (1) with g,(k,w), or replacing the
Bessel function with its derivative. The resulting integral
retains the same form as equation (1).

Bouchon (1981) proposed the DWM for the numerical
evaluation of the integral in equation (1), expressed as

1 (@) = 8K Flkp) (k) @
n=1

in which Ak = 2n/L, k, = nAk, L is the characteristic length.
Bouchon (1981) proposed that L must satisfy

{ L=+ |zl >l 3)

r<1L/2
in which T is the time window length, |z| is the depth gap
between the source and receiver, « is the maximum P-wave
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velocity in the model. In practical computations, the integral
in equation (1) is typically divided into two parts:

k

P, (kw) = / F(s,w)],,(sr)sds, (4)
0

Inn(@) = lim P, (k,w). €))

The integral in equation (4) can be evaluated numerically
using equation (2). To approximate the limit in equation (5), an
empirical critical wavenumber k, is selected as the upper bound
in equation (4), ensuring the kernel function decays sufficiently
close to zero beyond this point. Following Zhu and Rivera (2002)
and Zhang et al. (2003), we can empirically set k. as follows:

=l l)

in which v,;, is the minimum velocity of the model, and s; and

s, are the scale factors, which can be adjusted manually to suit
specific scenarios. Unless otherwise specified, we set s; = 5 and
s, = 1.15 in the following tests. With a suitable k., the remain-
ing contribution to the integral is then negligible and can be
safely disregarded (Zhu and Rivera, 2002; Zhang et al., 2003).
When the source and receiver are at close depths, the inte-
gral in equation (1) converges extremely slowly. Figure la
shows how the integral oscillates severely with k. when apply-
ing DWM, necessitating an impractically large upper limit to
achieve satisfactory accuracy, which severely compromises
computational efficiency. To address this issue, SAM was
developed by decomposing equation (1) into two terms:

+ oo
Ly, = / [F(k) = G(k) + G(K))] , (kr)k dk
0

oo oo
= / [F(k) — G(K)]],,(kr)k dk + / G(k)],,(kr)k dk,
0 0
(7)

in which for notational simplicity, we omit the frequency
parameter w in the functions (ie., F(k,w) is abbreviated as
F(k), and I,,(w) as I,,). Here, G(k) is a kernel function con-
structed based on specific physical considerations, designed
such that the first integral converges rapidly whereas the sec-
ond admits an analytical solution. For instance, Apsel and
Luco (1983) observed that the dynamic Green’s functions
asymptotically approach the static Green’s functions (called
the asymptotic solutions) as k increases. They thus approxi-
mated G(k) using the static solution for a homogeneous
half-space with the same material properties as the layer that
includes the source. Herrmann and Wang (1985) improved
upon the Apsel and Luco (1983) by employing numerical fit-
ting with polynomial-exponential functions to derive a more
accurate asymptotic approximation. Hisada (1994, 1995) fur-
ther refined the GRTM proposed by Luco and Apsel (1983)
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Shallow Deep
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Figure 2. Morphological variations of the kernel functions (a) g(k) and
(b) g,(k) for the vertical displacement, with the depth of horizontal

force sources varying from relatively deep (dark gray, 0.2 km) to shallow
(light gray, 0 km). A half-space model (Table 1) is used. The receiver is at the
surface, with an epicentral distance 10 km. The frequency is 5 Hz. Unless
otherwise specified, all traces in the following figures are the real parts, and
they are normalized using the maximum absolute value.

and incorporated contributions to the asymptotic solutions
from direct, reflected, and transmitted waves between layers,
significantly accelerating convergence. As noted explicitly by
Hisada (1995), the more accurate the asymptotic solutions
are, the faster the integral converges. However, this gain in effi-
ciency comes at the cost of increased mathematical complexity
and code implementation. Figure 1c shows the workflow of
SAM. It can be seen that SAM effectively alleviates the integral
oscillation problem existing in DWM, and the convergence
speed has significantly increased.

The slow convergence issue can also be addressed using
purely numerical methods. Zhang et al. (2003) proposed the
PTAM to estimate the limit in equation (5). Figure 1b shows
the workflow of PTAM. After reaching the critical wavenum-
ber k., PTAM extracts consecutive peaks and troughs from the
oscillatory integral curve to form a reduced sequence M,(n).
The ith order reduced sequence is then defined as

M) = Moy(n+ 1)+ Mo, =123 ®)

Asn — oo, both M; and M, converge to the same limit, with
higher-order reduced sequences exhibiting faster convergence.
The final PTAM convergence estimate is given by My_,(0), in
which N represents the number of extracted peaks and troughs.
In practical implementation, the accuracy of PTAM’s conver-
gence estimate critically depends on accurate identification of
peaks and troughs. To achieve this in discrete wavenumber
sampling, Zhang et al. (2003) employed quadratic curve fitting
using three consecutive sample points to estimate local
extrema. Compared to the RAM, this approach demonstrates
significantly improved accuracy.
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Decay of the Kernel function

The Bessel function in equation (1) is an oscillatory function,
which is the fundamental cause of the integral’s oscillatory
behavior. The convergence rate of the integral—that is, how the
oscillation amplitude decays as k increases—depends on the
decay rate of the kernel function F(k) toward zero. Figure 2a
illustrates the morphological changes in the displacement kernel
function g(k) as the source depth varies from deep to shallow. It
can be observed that when the buried source is at some distance
from the surface, g(k) decays rapidly. However, as the source
approaches the receiver at the surface, the decay of g(k) slows
significantly. This is the direct cause for the slow convergence
of the integral.

Similar to the variation pattern of g(k) shown in Figure 2a,
g,(k) also exhibits slow decay characteristics (Fig. 2b).
However, the decay rate of g,(k) is significantly slower than
that of g(k), causing the integrand in equation (1) to oscillate
more irregularly. This makes it difficult for methods like
PTAM to accurately compute physical quantities like stress.
The decay rates of these functions can be analyzed through
their asymptotic solutions. For large wavenumbers, the kernel
functions approximate the following forms (Hisada, 1994):

gR(k) = (a, + ayk)et,

gX(k) = (a5 + ask)ke ™,

g (k) = ase™,

gL(k) = agke ™4, )

in which the superscript R denotes coupled P-SV waves (ver-
tical and radial components), and L denotes SH waves (tangen-
tial component). a; ~ a¢ are constants estimated under the
large-wavenumber approximation. It is evident that the
long-term decay of the kernel functions is dominated by the
exponential term e *?l. When the depth gap |z| — 0, the decay
becomes extremely slow. Moreover, the asymptotic expression
for g,(k) includes an additional linear factor k, which further
delays its decay in the short to intermediate wavenumber range
and can even cause local increases, making the corresponding
integrals more challenging to evaluate.

DCM
To address the slow decay of the kernel function, DCM decom-
poses the integral in equation (1) into two terms:

+ oo
Ly = / [F(k) = F(kc) + F(ko) ) (kr)k dk
0
oo oo
/ [E(k) = F(k) m(kr)k dk [ Jm(kr)k dk
0 0
- o +Ek) T
(10)

This decomposition resembles SAM but differs in that
DCM employs a constant term F(k,.), avoiding the complex
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mathematical treatments required by SAM to construct
asymptotic solutions. The first integral I ) can still be evalu-
ated using DWM by truncating the upper limit at a finite k.
and computing the numerical integral via equation (2).
Although the second integral I @) is divergent, its analytical sol-
ution can be derived under the Cauchy principal value (see the
Appendix for details). The key advantage of this decomposi-
tion is that the integrand of Ii,i) vanishes at k = k,, ensuring
direct convergence of I o) as the upper limit approaches
k.—hence the name “DCM.” Meanwhile, I,(ﬁ), serving as a cor-
rection term for I, is straightforward to implement in code
due to its closed-form solution. Figure 1d shows the workflow
of DCM. As shown, DCM achieves convergence during the
integration phase through a simple shift of the kernel function,
eliminating the need for the additional numerical computa-
tions required in PTAM.

NUMERICAL EXAMPLES

Validation

The Sommerfeld integral describes the potential of a spherical
wave in an unbounded, homogeneous medium. This integral
form exhibits slow convergence when the source and receiver are
near the same depth—a key challenge in wave propagation mod-
eling. Because of the availability of its closed-form solution, it is
widely used to verify numerical integration techniques (Hisada,
1994; Zhang et al., 2003). The Sommerfeld integral is defined as

e—ik*R oo efylzl
- [ Jo(kr)k dk, (11)
R o 7

in which k* = w/c, R = +/r* + 2%, and y = Vk* — k*? with
Re{y} > 0. The exponential term e effectively mimics the
decay of kernel functions. Because the integrand in equation (11)
has a pole at k*, following Bouchon (1981), we introduce a small
imaginary component to the angular frequency w to slightly
shift the integration path away from the real axis, ensuring
numerical stability.

To better validate DCM, we derive two new integrals from
the original Sommerfeld potential by taking its first and second
derivative with respect to r. These are expressed as

1 - w k
(ik* + E) L gikR — / ;e‘”z']l(kr)k dk, (12)

R? 0
and
L. 1\ (3 K211 .
(e R)Ge2) R e
ookz
- / © e vlely, (kr)k dk. (13)
o Y

These derived integrals share a similar form with equation (1).
Their kernel functions, & e %%l and B oyl effectively capture the
asymptotic behavior of g(k) and g,(k) at large wavenumbers.
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Using the equations (12) and (13) instead of equation (11) thus
offers a more thorough test of DCM’s performance in computing
displacements and their spatial derivatives under slow con-
vergence.

Given that DCM and SAM share a similar integral decom-
position strategy, we also evaluate SAM’s performance. In
SAM, using the static solution (w = 0) (Apsel and Luco,
1983), the integral in equation (12) is decomposed as

/ K vty kryk die = / - [’—‘ evlel - e‘k|Z:| T (kr)k dk
Y o LY

0
n / " e Hlel T (kr)k dk, (14)
0

in which the second integral has an analytical solution,

A " ekl (kr)k dk = %, (15)

and the integral in equation (13) is decomposed as
°°k2 o k2

[ E erwrar = [ [_ el ke—klzl] Jolke)k dk
o Yy o LY

n / " ekl (kr) K2 dk, (16)
0

in which the second integral has an analytical solution,

! ﬁ) (17)

A e k1, (kr)k? dk = g (2 e

Figures 3 and 4 demonstrate how integrals in equations (12)
and (13) are solved using DWM, SAM, and DCM. We inten-
tionally derived the integrals in equations (12) and (13) so that
the process of solving them would be analogous to computing
displacements and stresses in practical synthetic seismogram
simulations. Therefore, to some extent, the test in Figure 3
reflects the capability of these three methods for computing
displacements, whereas the test in Figure 4 reflects their
capability for computing stresses. The conventional DWM
produces results that oscillate continuously, failing to converge
to a stable solution. This problem becomes particularly severe
when computing the integral in equation (13) (Fig. 4), for
which the oscillations grow stronger, making convergence even
more challenging. In contrast, both DCM and SAM employ
integral decomposition—through equation (10) for DCM
and equations (14)-(17) for SAM—which causes their kernel
functions to decay rapidly to zero. As a result, the oscillatory
behavior of the integrands is quickly suppressed. The final con-
verged values from DCM and SAM show excellent agreement
with the theoretical solution, as represented by the black-
dashed horizontal lines in panel (c) of both figures.

The critical wavenumber k, plays a central role in numerical
integration methods, directly controlling both the accuracy of
results and computational speed. To compare the performance
of different methods, we measured how their errors relative to
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Figure 3. (a) The kernel function, (b) the integrand, and (c) the derived
Sommerfeld integral in equation (12) versus wavenumber. In these pan-
els, the curves of DCM and SAM almost overlap. The black-dashed hori-
zontal line denotes the theoretical solution of the derived Sommerfeld
integral. Here, f =5 Hz, c = 6 km/s, |z] = 1 x 104 km, k. = 20 km™,
k* = w/c, and r = 10 km. See the Validation section for details.

the theoretical solution change with k.. As shown in Figure 5a,
when the wavenumber exceeds a certain value (k > k*), all
methods initially show oscillating yet decreasing errors.
However, the error for the DWM quickly levels off. The
PTAM, which builds on DWM, achieves better accuracy but
also stops improving with larger k. Although using more
peaks and troughs in PTAM could reduce error further, it
makes the method slower and less generally applicable. In con-
trast, both the SAM and the DCM maintain decreasing errors
as k. increases. Impressively, DCM achieves errors up to 100
times smaller than SAM. Figure 5b shows similar trends for a
more difficult integral in equation (13). Here, errors for both
DWM and PTAM even increase slightly at some points,
reflecting the greater challenge of this case. Although DCM’s
error curve shows a small turning due to its approximation of
the kernel function’s decay, it still delivers the highest overall
accuracy across the tested k. range.

This test demonstrates that DCM, although employing an
integral decomposition strategy similar to SAM, not only pre-
serves SAM’s advantage of rapid convergence but also achieves
higher computational accuracy without requiring complex
mathematical derivations.

Accuracy

To evaluate the accuracy of DCM in computing practical dis-
placements and stresses, we applied both DCM and PTAM to
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Figure 4. Same as Figure 3 but test the derived Sommerfeld integral in equa-
tion (13).

solve the Lamb (1904) problem in a half-space model (Table 1).
We used synthetic seismograms calculated by the Cagniard-de
Hoop method (CHM; Cagniard, 1939; de Hoop, 1960;
Johnson, 1974) as reference solutions (“ground truth”).
Following Chen and Zhang (2001), we defined the relative
error function as

o (UM -U*(@®)] dt

O = ,
JE U ()] de

(18)

in which U*(t) represents the reference seismogram, and T is
the length of the time series.

We began by testing how well DCM and PTAM perform
when the source is placed at different depths. As shown in
Figure 6a, for vertical displacements recorded at the surface,
both methods become more accurate as the source gets deeper.
Although their error trends look similar, DCM consistently
shows smaller errors than PTAM. It is worth noting that even
when the source is very shallow (0.01 km deep), both methods
keep errors down to about 3%. Figure 6b compares the synthetic
waveforms, showing that results from both methods match the
reference solution (CHM) quite well. The main difference
appears in the strength of Rayleigh waves—Ilikely due to inher-
ent differences between frequency- and time-domain calculation
methods. This confirms that both DCM and PTAM reliably cal-
culate ground displacements with shallow sources.

Building on the previous analysis of displacement (Fig. 6a,b),
Figure 6d,e shows how well each method calculates the
derivative of vertical displacement with respect to the receiver
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Figure 5. Relative errors between integral results of different methods and
the theoretical solutions under different critical wavenumbers. The kernel
function and the parameter settings are all consistent with those of

(a) Figure 3 and (b) Figure 4.

depth—a key step for simulating stress. The results indicate that
PTAM produces significant errors and struggles to accurately
resolve near-surface stresses from a shallow source. In contrast,
DCM maintains low relative errors, and its output closely
matches the reference waveforms. This confirms that DCM reli-
ably computes spatial derivatives of displacement, making it
suitable for simulating related physical quantities such as stress.
The precision of the integration result is directly tied to the
choice of the critical wavenumber k.. We examined how the
relative error of the 1 Hz frequency component changes as
k. varies. As seen in Figure 6c,f, the overall relative error
decreases in an oscillatory manner for both methods—a pat-
tern consistent with Figure 5. However, DCM produces lower
errors with less fluctuation, showing it is less sensitive to the k,
than PTAM. In fact, when calculating the z-derivative, PTAM
struggles to determine a suitable k. at all. This confirms that
DCM delivers higher accuracy alongside greater reliability.
Notably, Figure 6a reveals that both DCM and PTAM
exhibit similar patterns in their relative errors. This indicates
that the two methods are fundamentally guided by the same
theoretical framework. In other words, both rely on the same
key assumption: when k = k,, the kernel function F(k) has
essentially converged to F(k.) (regardless of whether F(k,)
equals zero), and for k > k_, the kernel function F(k) remains

TABLE 1
Parameters of the Half-Space Model

Thickness P-Wave Velocity S-Wave Velocity Density
(km) (kml/s) (km/s) (9/cm?)
) 8.0 4.62 33
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nearly constant. As a result, the integral in equation (4) oscil-
lates symmetrically around an approximately fixed conver-
gence value.

Under this assumption, PTAM explicitly extracts a series of
peaks and troughs to compute reduced sequences, thereby
achieving high-accuracy convergence estimated displacements.
However, PTAM struggles when calculating stresses because
the slower decay of the corresponding kernel function means
the limited number of peaks and valleys no longer reliably fol-
lows the expected pattern. In contrast, DCM analytically decom-
poses these oscillations from the integral during the theoretical
derivation phase and supplements them with a correction term
derived from the integral’s analytical solution. From this per-
spective, DCM can be viewed as implicitly extracting an infinite
number of peaks and troughs while automatically estimating the
convergence value. This makes DCM universally applicable for
computing both displacements and their spatial derivatives. A
key advantage is that DCM bypasses the need for PTAM’s intri-
cate process of numerically pinpointing peaks and troughs
through curve fitting. This leads to a much simpler implemen-
tation and delivers more accurate results.

The assumption also explains the systematic variation of
relative errors observed in Figure 6a,d. In practical implemen-
avoid using excessively large k. wvalues.
Consequently, when the source and receiver depths are close,
F(k.) represents merely an intermediate value in the kernel

tations, we

function’s extremely slow decay process. The continued slow
variation of the kernel function in the k > k. range still con-
tributes to the final integral, which slightly deviates from the
fundamental assumption of both methods and thus introduces
errors. However, as demonstrated by the relative and absolute
errors in Figure 6, this assumption does not significantly
impact the results. In contrast, SAM aims to consider the con-
tribution of the kernel function over the entire range, so it con-
structs an appropriate kernel function G(k) with complex
mathematical calculations. In practice, such errors are negli-
gible, meaning DCM achieves greatest simplicity while sacri-
ficing minimal accuracy.

Efficiency

Figure 1b,d demonstrates that PTAM requires more computa-
tional steps compared to DCM and theoretically demands
more execution time. To better quantify this difference, we
conducted an efficiency comparison test. Figure 7 presents the
execution time for computing Green’s functions using DCM
and PTAM at different critical wavenumbers k.. Because the
k. as defined in equation (6) depends on frequency, we sim-
plified the test by setting w = wp,,, in the k. formula, ensuring
a uniform wavenumber cutoff for all frequencies. For a fair
comparison, we used a single-threaded version of the PyGRT
program with standard optimizations (i.e, —O in GNU
compiler). All computations were performed on an Intel(R)
Core(TM) Ultra 7 155 H processor.
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The results indicate that the execution time for both DCM
and PTAM grows linearly with increasing critical wavenumber
k.. However, PTAM is globally slower than DCM, consistent
with the operational differences illustrated in Figure 1b,d.
Although modern computing technologies (including com-
piler optimizations and multicore processors) can substantially
reduce this efficiency gap, DCM still maintains clear practical
advantages. These include simpler code implementation, easier
long-term maintenance, and better adaptability to different
computing environments—all important factors when consid-
ering real-world efficiency.

Application

Through rigorous aforementioned testing, we have validated
the correctness and computational accuracy of DCM. Next,
we examine the performance of DCM under challenging physi-
cal conditions.

In earthquake engineering, near-surface velocity structures
used for strong ground-motion simulation often include low-
velocity, soft sedimentary layers. These layers, characterized by
low density and low modulus, can significantly amplify ground
vibrations due to intralayer multiples. In the first test, we com-
puted synthetic seismograms for a sedimentary-layer model
(Table 2) using both PTAM and DCM, with the source and
receiver both located at the surface. The source type was a sin-
gle-force point source, suitable for simulating events such as
landslides, collapses, and tsunamis. As shown in Figure 8,
the displacements computed by the two methods overlap well,
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Figure 6. (a) Relative errors between the vertical displacements calculated by
DCM and PTAM and the reference seismogram by the Cagniard—de Hoop
method (CHM) across various source depths. (b) The waveform comparisons
at a source depth of 0.01 km. (c) The relative errors of DCM and PTAM
across various critical wavenumbers at frequency 1 Hz. Panels (d—f) are
analogous to (a—c), respectively, but present results for the z-derivative of
the vertical-component displacements. A half-space model (Table 1) is used.
The source is a vertical downward force. The receiver is at the surface, with
an epicentral distance 10 km. In panels (a—c), all traces are convolved with
the step function, whereas in panels (d—f), all traces are convolved twice
with the step function. The color version of this figure is available only in the
electronic edition.

without noticeable unphysical artifacts. The waveforms reveal
that, with the source excited at the surface, the intralayer multi-
ples within the low-velocity thin layer and the developed
surface waves generate large-amplitude, long-duration coda
signals, which can cause severe damage to buildings and other
infrastructure. The displacement comparison demonstrates
that both DCM and PTAM are capable of computing displace-
ments in realistic low-velocity models.

Beyond the ground motion, the computed stress compo-
nents are equally crucial, as they govern key engineering phe-
nomena such as cyclic mobility in soils, foundation bearing
capacity degradation, and the triggering of seismic liquefac-
tion. Therefore, in addition to displacements, we computed
all six independent components of the stress tensor. As shown
in Figure 9, the three components 0,,,0,,,0,9 computed by
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Figure 7. Execution time of DCM and PTAM at various critical wavenumbers.
A half-space model (Table 1) is used. The source is at a depth of 0.01 km.
The receiver is at the surface, with an epicentral distance 10 km. The
number of sampling points is 1000, and the sampling frequency is 100 Hz.
Each point is the average execution time of 10 repeated runs. The color
version of this figure is available only in the electronic edition.

DCM remain zero over time, which correctly satisfies the free-
surface boundary condition. In contrast, PTAM yields a sig-
nificantly larger error in o,,. For the three nonzero compo-
nents 0,,,0,9,099, DCM produces stable results without
noticeable numerical artifacts, whereas PTAM exhibits severe
nonconvergence. Figure 10 schematically illustrates the kernel
functions related in Figures 8 and 9. Consistent with the earlier
validation analysis based on Lamb’s problem, the kernel func-
tion g,(k) decays more slowly, and its local linear variations
cause unstable oscillations in the integrand, leading to
PTAM’s failure in stress calculations. In other words, a larger
critical wavenumber k. is required for g, (k) to enter a stable
decay, forcing PTAM to sample more peaks and troughs to
achieve acceptable accuracy, which in turn diminishes its
advantage. As a more robust numerical method, DCM remains
insensitive to the choice of k, and its direct convergence prop-
erty ensures excellent stability in the results. The stress com-
parison confirms that DCM serves as a reliable solution for
computing stresses in realistic low-velocity models.

In the second test, we computed far-field synthetic seismo-
grams generated by an explosion within the crustal model of

TABLE 2
Parameters of the Sedimentary-Layer Model

Thickness P-Wave Velocity S-Wave Velocity Density
(km) (km/s) (kmi/s) (9/cm?3)
0.01 1.5 0.18 1.78
0.01 1.7 0.35 1.85
0.02 1.6 0.25 1.80
0.20 2.6 1.20 2.10

) 5.8 3.30 2.70
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Figure 8. Comparison of the three-component displacements calculated by
PTAM and DCM. A sedimentary-layer model (Table 2) is used. Both the
point force ((fy, fe, f7) = (1,0.3,1.5) x 10" dyne, defined in the north,
east, and down coordinate systems) and receiver are at the surface, with an
azimuth of 50° and an epicentral distance of 1 km. The sampling frequency
is 50 Hz. All traces are convolved with the step function. The color version of
this figure is available only in the electronic edition.
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Figure 9. Comparison of the six-component stress tensor calculated by PTAM
and DCM. All parameters are set the same as those in Figure 8. The color
version of this figure is available only in the electronic edition.
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Figure 10. Kernel functions (a) g(k) and (b) g,(k) for the vertical
displacement. A sedimentary-layer model (Table 2) is used. Both the
vertically downward force source and receiver are at the surface. The
frequency is 1 Hz.

source coordinates. Consequently, the associated kernel func-
tion exhibits a decay characteristic similar to g, (k), making the
solving process more challenging compared to the single-force
source case. Figure 11 compares displacement results from
PTAM and DCM. To avoid the low-frequency noise, in this
far-field test, we set s; = 0.1 and s, = 1.5 in equation (6) and
apply a high-pass filter with a corner frequency of 0.01 Hz.
Although DCM produces a clean, well-converged waveform
throughout, PTAM introduces significant artifacts in the coda
portion where spurious oscillations reach amplitudes compa-
rable to the body waves. Such artifacts could systematically bias
subsequent analyses like signal filtering.

Besides the source type, two key factors explain the artifacts in
PTAM’s results (Fig. 11). First, as the epicentral distance
increases, the Bessel function oscillates more rapidly. This makes
it harder for PTAM’s limited sampling of peaks and troughs to
accurately determine the final converged value. Although using
more peaks and troughs can improve accuracy, it comes at the
cost of higher computational effort. In contrast, DCM remains

accurate for far-field calcula-
its approach

tions because

PTAM DCM depends only on the kernel
5o function, which does not change
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§ ' f il requires a longer signal dura-
£ —0.4 tion. Equation (3) shows that
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Figure 11. Comparison of the far-field displacements calculated by DCM and PTAM. The Amchitka crustal model
(Table 3) is used. Both the explosion source (the scalar seismic moment M, = 1 x 102 dyn - cm) and receiver are
at the surface, with an epicentral distance of 300km. All traces are convolved with the step function. The color

version of this figure is available only in the electronic edition.

ess. In contrast, DCM eliminates
the need for PTAM’s explicit
second-stage convergence pro-
cedure by employing a single
integration step throughout the

entire  integration, thereby

the Amchitka region (Table 3). The model consists of eight
layers and was used to simulate seismic recordings from the
MILROW nuclear test. Both the source and the receiver are
located at the surface. Because the explosive source is a dipole,
the corresponding displacement can be represented by the spa-
tial derivatives of the Green’s functions with respect to the
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avoiding such systematic errors.

Notably, the integration methods used in Figure 11 rely on a
fixed Ak in equation (2), which becomes computationally expen-
sive for large distances because it requires a very small Ak. To
address this, Chen and Zhang (2001) developed the Self-
Adaptive Filon’s Integration Method (SAFIM), which dynami-
cally adjusts the integration steps—sampling more points where
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TABLE 3
Parameters of the Amchitka Crustal Model (Burdick et al.,
1984)

Thickness P-Wave Velocity S-Wave Velocity Density
(km) (km/s) (kmi/s) (9/cm?3)
0.2 3.4 1.7 2.3
0.6 3.7 1.9 2.4
0.5 4.2 2.1 2.4
0.5 4.6 2.3 2.5
0.7 4.9 2.8 2.6
0.5 5.1 2.9 2.7
6.0 5.9 3.3 2.7
28.0 6.9 4.0 2.8
) 8.2 4.7 3.2

the kernel function changes rapidly and fewer where it varies
slowly. This greatly improves efficiency in far-field scenarios.
However, when dealing with both shallow sources and large dis-
tances, PTAM faces the same problem: it requires a separate step
size during its convergence stage, which can introduce errors
when combined with adaptive methods like SAFIM. In contrast,
DCM’s reformulation of the integral in equation (10) allows it
to work naturally with SAFIM, thus avoiding such errors.
Benefiting from its simplicity, DCM can be seamlessly integrated
with various types of numerical techniques, establishing it as a
stable, accurate, and general-purpose approach for computing
synthetic seismograms from shallow sources.

CONCLUSION

The DCM effectively resolves the slow convergence of wavenum-
ber integrals for synthetic seismograms when sources and receiv-
ers are at close depths in layered media. By decomposing the
oscillatory kernel integral and analytically handling the divergent
part via the Cauchy principal value, DCM eliminates the math-
ematical complexity of the SAM and bypasses the numerical
peak-trough extraction of the PTAM. It achieves superior accu-
racy and stability with negligible coding effort. Rigorous valida-
tion and application tests confirm its reliability. The method’s
simplicity, efficiency, and seamless integration with existing codes
(e.g., PyGRT) establish DCM as a general method for high-fidel-
ity seismogram synthesis, particularly for shallow seismic sources.

DATA AND RESOURCES

The new PyGRT package with direct convergence method (DCM) was
used to conduct the tests, which can be obtained at https://github
.com/Dengda98/PyGRT (last accessed November 2025).
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APPENDIX

In this appendix, we will provide a mathematical derivation of
the analytical expression for the integral

2= A 7, (kn)k dk, (A1)

in which m is a nonnegative integer, r > 0, and J,,(-) denotes
the Bessel function of the first kind of order m. The oscillatory
nature of ], (kr) at infinity necessitates careful treatment to
ensure convergence. Following standard regularization tech-
niques, we introduce an exponential convergence factor e~

with a > 0, transforming the integral into a convergent form:

W, (a) = A T kg (kr)k dk. (A2)

The original integral is recovered through the limit
19 = lim, o+ W,,(a). This regularization is justified by the
fact that the Laplace transform of kJ,(kr) converges for
Re{a} > 0, and the limit a — 07" yields meaningful results
under conditional convergence. The derivation employs for-
mulas from Gradshtein and Ryzhik (2014; hereafter, G&R)
in their section 6.623, which we now reproduce verbatim.
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G&R formula 6.623.1 states:

~ (2b)'T (v + ;)
—aX b v dx e S
/o e =

|:Re{v} > —%,Re{a} > |1m{b}|]. (A3)
G&R formula 6.623.2 states:
~ 2a(2b)vr(v + g)
—0ox b v+1 dX — ,
A e, (bx)x T
[Re{v} > —1,Re{a} > |Im{b}|]. (A4)

For m = 0, we apply G&R 6.623.2 with v =0, « = a, and
b = r. Substituting these parameters:

2a(2r)°r(§)

Simplifying the Gamma function I'() =T(1+3) =
1rd) = 47 yields:

Wo(a) = (A5)

2ax1x 4 _ a
ﬁ(az 4 r2)3/2 - (a2 4 r2)3/2'

Wo(a) = (A6)

For m = 1, we apply G&R 6.623.1 with v=1, a =aq,

and b=r:
(2r)11"(%)
Wl (a) = —\/E(az n r2)3/2 . (A7)
Using I'(3) = \/T% simplifies this to
NG
2 N
W) = —— 2 ' (A8)

Ja(@ + )2 = @ + )

For m = 2, neither G&R formula directly applies. We
employ the Bessel function recurrence relation:

Jalhr) = 21, Gkr) = o (k) (49)

Substituting into W, (a) in

Walo) = [ e | 2tk -tk o
=2 ["esnanar- [Tesidorak )

The second integral is solved in equation (A6). The first
integral uses G&R 6.611.1:

JJa > 0].

oo 2 2 _
/ ek (k) dke = YL @ (A11)

0 ry/a? + r?
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Combining these Thus, the analytical expressions are

Z(Va2+r2—a) a /wlo(kr)kdkz 0,
0

W,(a) = — - . Al2
() r\ rva® +r (@ + 1) (A12) ]
/ Ji(kr)kdk = >
Evaluating the limit as a — 0% for all cases: 0 r
oo 2
i Woa ) a . A Jo(kr)kdk = 7 (A14)
im a) = lim - =0,
a—07" 0 a—07" r
r 1
lim W;(a) = lim — = —,
a—0t 1( ) a0t 13 r?
21,3 2 . .
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